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ABSTRACT

The reaction concept is employed to formulate an integral
equation for radiation and scattering from plates, corner reflectors,
and dielectric-coated conducting cylinders. The surface-current
density on the conducting surface is expanded with subsectional bases.
The dielectric layer is modeled with polarization currents radiating
in free space. Maxwell's equation and the boundary conditions are
employed to express the polarization-current distribution in terms of
the surface-current density on the conducting surface. By enforcing
reaction tests with an array of electric test sources, the moment
method is employed to reduce the integral equation to a matrix equation.
Inversion of the matrix equation yields the current distribution, and
the scattered field is then obtained by integrating the current
distribution.

This report presents the theory, computer program and numerical
results for radiation and scattering from plates, corner reflectors,
and dielectric-coated conducting cylinders.

ii



CONTENTS

Page

Chapter

I INTRODUCTION 1

II THE REACTION INTEGRAL FORMULATION 3

III ELECTRIC TEST SOURCES AND EXPANSION MODES 9

A. Longitudinal Strip Sources 9
B. Transverse Strip Sources 10
C. Rectangular Surface Sources 13

IV THE IMPEDANCE MATRIX 18

V THE EXCITATION COLUMN 25

A. Plane Wave Illumination (Two-dimensional TM Case) 25
B. Plane Wave Illumination (Two-dimensional TE Case) 25
C. Plane Wave Illumination (Three-dimensional Case) 26

VI APPLICATIONS 29

A. Cylinders with Thin Dielectric Coating (TM Case) 29
B. Cylinders with Thin Dielectric Coating (TE Case) 32
C. Plates and Corner Reflectors with Perfect

Conductivity 35

VII FAR-FIELD RADIATION AND SCATTERING 37

A. Longitudinal, Dielectric-coated Strip Source 37
B. Transverse, Dielectric-coated Strip Monopole 40
C. Rectangular Surface Dipole 42

VIII NUMERICAL RESULTS 45

A. TM Dielectric-coated Cylinders 45
B. TE Dielectric-coated Cylinders 45
C. Perfectly-conducting Plates and Corner Reflectors 45

IX SUMMARY AND DISCUSSIONS 73

REFERENCES 75

iii



Chapter Page

Appendix

A. Electric Field Induced in the Thin Dielectric
Layer Coated on a Perfectly-Conducting Polygon
Cylinder Illuminated by an Incident Plane Wave 77

B. Computer Programs for Radiation and Scattering
from TM Dielectric-Coated Cylinders. 79

C. Computer Programs for Radiation and Scattering
from TE Dielectric-Coated Cylinders. 93

D. Computer Programs for Radiation and Scattering
from Perfectly-Conducting Plates. 116

iv



CHAPTER I
INTRODUCTION

Low-frequency solutions for radiation and scattering from
cylinders have been reported in several published papers [1-8] . Among
them, Mei and Van Bladel L1]employed a point-matching procedure to
solve the electric-field integral equation and the magnetic-field
integral equation for transverse-magnetic and transverse-electric
incident waves, respectively. In the point-matching procedure the
surface current distribution was expanded into rectangular-pulse bases
and the appropriate boundary conditions were enforced at discrete
points on the conducting surface of the cylinder. Richmond [4] has
developed a wire-grid array model for cylinders with transverse-
magnetic incident wave and shown that if a sufficiently great number of
wires is employed, the scattering pattern approaches that of a solid
cylinder of the same contour. Richmond [9] has also developed a
piecewise-sinusoidal reaction formulation for electromagnetic radiation
and scattering problems involving cylinders with non-circular cross
section for the transverse-electric incident wave. No solution,
however, has been published for non-circular cylinders with a
dielectric coating.

For three-dimensional problems, two methods are available for
electromagnetic modeling of a continuous conducting surface with
arbitrary shape: the wire-grid model r10] and the surface-current
model [11,12] with rectangular-pulse bases. Both methods have similar
limitations with the maximum cell width restricted to approximately
one-tenth of a wavelength. Unless the conducting body is symmetric or
is a figure of revolution, computer storage requirements have limited
the conducting surface area to one or two square wavelengths.

In this dissertation, Rumsey's [13] reaction concept is employed
to formulate an integral equation for scattering by plates, corner
reflectors and dielectric-coated cylinders with noncircular cross
section. In the reaction formulation, the surface-current density
on the conducting surface is expanded with suitable bases. The
dielectric layer is modeled with the equivalent polarization currents
radiating in free space. Maxwell's equations and the boundary con-
ditions are employed to express the polarization-current distribution
in terms of the surface-current density on the conducting surface.
By enforcing reaction tests with an array of electric test sources,
the moment method is employed to reduce the integral equation to a
matrix equation. Numerical solution of this system yields a station-
ary result for the samples of the current distribution. Finally,
the quantities of interest such as the gain, far-field pattern, and
the radar cross section are determined from the current distribution.
With perfect conductivity, the analysis presented in this dissertation
is valid for open as well as closed cylinders. With finite conduc-
tivity or with a thin dielectric coating, however, the analysis is
restricted to closed cylinders.
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The remaining text presents the general theory of the reaction

formulation for radiation and scattering from conducting bodies. The

time dependence eJWt is understood and suppressed. Chapter II pre-

sents the detailed theoretical outline of the reaction concept which

forms the foundation of this dissertation. Relevant electric sources

employed as the expansion functions and the test sources are discussed

in Chapter III. Evaluation of the mutual impedances and excitation

voltages are considered in Chapter IV and Chapter V. The electro-

magnetic modeling of the conducting body is an essential 
step in the

reaction formulation. This is described in Chapter VI. The field

scattered by a conducting body is the sum of the contributions from

all the current modes which appear in the expansion for the surface-

current distribution. In Chapter VII the far-field contributions of

these sources are discussed. Numerical results for the radar cross

section of rectangular plates, corner reflectors and dielectric-

coated cylinders are presented in Chapter VIII.
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CHAPTER II
THE REACTION INTEGRAL FORMULATION

Two well known integral equations, the electric-field integral
equation and the magnetic-field integral equation are usually employed
to solve electromagnetic radiation and scattering problems. In this
chapter, however, we develop the more general reaction integral equa-
tion of Rumsey [13]. It has been noted [14] that the reaction inte-
gral equation is more general in the sense that it can be reduced
to either the electric-field integral equation or the magnetic-field
integral equation if one enforces the reaction integral equation with
a set of delta-function electric or magnetic test sources. In the
following sections the reaction concept and its application in
electromagnetic problems will be examined.

Consider the exterior scattering problem illustrated in Fig. la.
In the presence of a conducting body, the impressed electric and mag-
netic currents (Ji,M i ) generate the electric and magnetic field
intensities (E,HT. For simplicity, let the exterior medium be free
space.

From the surface-equivalence theorem of Schelkunoff [15], the
interior field will vanish (without disturbing the exterior field) if
we introduce the following surface-current densities

(1) J ~ x H

(2) M = E x

on the closed surface S of the scatterer. (The unit vector n is
directed outward on S.) In this situation, illustrated in Fig. lb, we
may replace the scatterer with free space without disturbing the
field anywhere.

By definition, the incident field (Ej,Hi) is generated by (JisMi)
in free space, and the scattered field is:

(3) E E- E

(4) Hs = H- Hi

When the surface current (J ,M,) radiates in free space, it generates
the field (E,H ) in the exterior and (-E-,-H) in the interior region.
This result, ilTustrated in Fig. Ic, is deduced from Fig. lb and the
superposition theorem.
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E,H

SCATTERER

Fig. la--The source (Ji,Mi) generates the field (E,H)
with scatterer.

(E,H)
(0,0)

s,) SCATTERER
b OR

FREE SPACE

Fig. lb--The interior field vanishes when the currents
(J ,M ) are introduced on the surface of the
scatterer.

I N % (Es,_s)

'-A FREE SPACE/

Fig. 1c--The exterior scattered field may be generated
by (Js,M) in free space.
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With the scatterer replaced by free space, we have noted in
Fig. lb that the interior region has a null field. As shown in Fig. 2,
we place an electric test source Jt in this region and find from the
reciprocity theorem that

(5) S ~s -E~t - M t) ds + ( (j Et - -- " _t) dv = 0

where (Et,H ) is the free-space field of the test source. In words,
Eq. (5) states that the interior test source has zero reaction with the
other sources. This "zero-reaction theorem" was developed by
Rumsey [13].

Equation (5) is the integral equation for the scattering problem,
and our objective is to use this equation to determine the surface-
current distributions J4 and M . To accomplish this, we expand these
functions in finite series sothere will be a finite number N of un-
known expansion constants. Next we obtain N simultaneous linear
equations to permit a solution for these constants. One such equation
is obtained from Eq. (5) each time we set up a new test source.

\ TEST \ 1 0
\I FREE SPACE

- -. FREE SPACE

Fig. 2--An electric test source J is positioned in
the interior of the scattering region.

The magnetic current M vanishes if the scatterer is a perfect
conductor. We assume a finite conductivity and use the impedance
boundary condition:

(6) M = Zs=  x2

where Zs denotes the surface impedance defined by x E = z n x H.
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For three-dimensional problems involving arbitrary scatterers,
J and Ms are functions only of the position on the surface of the
scatterer. Eqs. (5) and (6) yield

(7) [ ( x H) Z] ds i * Em ds i.m ds

where (Em,H) denotes the free-space field of test-source m.

We represent the electric current distribution as follows:

N
(8) Js= Y In Jn

n=1

where the complex constants In are samples of the function Js. The
vector functions Jn are known as basis functions, subsectional bases,
expansion functions or dipole modes. We employ expansion functions
J and test sources Jm with unit current density at the terminals.

From Eqs. (7) and (8) we obtain the simultaneous linear equations

N
(9) In Cmn = Am  with m = 1,2,3, *.. N

n=1

where

(10) Cm =Jn J* [ - (A x H)Zs] ds = -Jm J * _ ds
in m_ n ds

(11) A = Jji i * E ds - Mi * ds = J -m ds

In Eqs. (10) and (11) the integrations extend over the region where
the integrand is non-zero. For example, region n is that portion
of the surface S covered by the expansion function J . Region m
covers the interior test source Jm. The reciprocity theorem relates
the first and second integrals in Eq. (10). In the second integral,
En is the free-space field generated by Jn and the associated
magnetic current Mn.

For computational speed and storage, it will be advantageous
to have a symmetric impedance matrix Cmn. Furthermore, the test
sources should be selected to yield a well-conditioned set of
simultaneous linear equations. For these reasons, we employ test
sources Jm of the same size, shape and functional form as the
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expansion functions J. FinallX we position the interior test sources
a small distance 6 from surface S and take the limiting form of the
integrals as 6 tends to zero.

The effect of a dielectric coating on a conducting body will
now be considered. For simplicity, let the dielectric layer have
the same permeability as free space. From the volume equivalence
theorem of Rhodes [16] the dielectric coating may be replaced with
free space and an equivalent electric current density

(12) Jeq J(E-Eo) E

where E denotes the electric field intensity in the dielectric and
E = rE is the permittivity of the dielectric layer. From Eq. (12)
the equivalent current 3 vanishes outside the region of the
dielectric coating. eq

Let (E,H) denote the field generated by (Ji,M.) in the presence
of a dielectric-coated conducting scatterer. -utsde the scatterer,
this field may also be generated by (Ji,Mi), (J.,M ) and Je, radi-
ating in free space. These sources, radiating in ree space,
generate a null field in the interior region of the conducting body.
The surface currents (J,M ) are located on the surface of the
conducting body and are related to the field (E,H) by Eqs. (1) and
(2).

For a coated conducting body, the reaction integral equation
(Eq. (7)) is modified by replacing Ji with (j + J The current
density Je may be regarded as an additional source which plays
much the sdme role as the impressed source Jj. However, Je is an
unknown quantity because E is unknown. If the dielectric cdating is
thin, Maxwell's equations and boundary conditions can be employed
to express the polarization-current distribution Jeq in terms of the
surface-current density on the conducting surface. Therefore, Jeq
may be regarded as a dependent unknown function because it is
simply related to Js

The polarization-current distribution is expanded as follows:

N
(13) Jeq = n In In

n=l

where the _X are functions simply related to Jn. Thus, for a
coated conducting body, each expansion mode J_ in Eq. (8) has
associated with it a polarization current 5--, and the reaction C
between the electric test source m and the expansion mode n has an
additional term given by

7
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where the integration extends through the dielectric coating in the
range of the expansion mode n. The functions Jn are defined over a
surface, while the -, are defined in a volumetric region.

It may be noted that in the reaction formulation, the effects
of a dielectric coating are accounted for entirely through a modi-
fication of the square reaction matrix C . This modification
influences the current distribution, field patterns and scattering
properties.

The following chapter discusses the electric sources which are
employed as test sources and expansion modes for the current
distribution on the conducting surface.
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CHAPTER III
ELECTRIC TEST SOURCES AND EXPANSION MODES

In the preceding chapter, the reaction integral equation is
reduced to a matrix equation via the moment method in two steps.
First the unknown current distribution is expanded with basis func-
tions. Test sources with the same functional form are then employed
to perform the reaction tests. In the following sections three types
of test sources employed in this dissertation are discussed.

A. LONGITUDINAL STRIP SOURCES

For an infinitely long cylinder with transverse magnetic incident
wave, the electric current density induced on the conducting surface
is in the longitudinal direction. Thus a suitable choice of the
bases is the longitudinal strip source.

Consider the "strip source" illustrated in Fig. 3. This source
is an electric surface-current distribution J = 2 J(x) located on the
xz plane. This source has width h and infinTte length and radiates
in free space. For the strip source shown in Fig. 3, the fields are
given as follows:

A

Y

(x,y)

2

X
o SOURCE h

Fig. 3--An electric strip source and the coordinate
system.

(15) E kn dx'

9



(16) = - J x p H(2)(kp) dx'
4 Jo

where

(17) p = .(x-x') 2 + y

(18) k = wv r

(19) n = 7:

If the electric strip source has a uniform distribution,

(20) J(x) = z

Eqs. (15) and (16) can be written as

(21) E= H (2)kp dx'

4 H0  kp dx'

jk fh - A(22) H - z x p H 1(kp) dx'
- - 4 1

B. TRANSVERSE STRIP SOURCES 19]

In the case of a conducting cylinder illuminated by a transverse-
electric incident wave, the electric current induced on the surface
is in the transverse direction. Therefore, transverse electric
sources are the natural choice for the induced current density.

Again consider the"strip source" illustrated in Fig. 3. But this
time the source is an electric surface-current distribution J = 2 J(x)
located on the xz plane. For this transverse electric source the
free sp.ace fields are

kn rh (2) , h (2)
(23) E - i J H (kp) dx' + J H (kp) dx'
(24) (2)

(24) H- j J x Hl(kp) dx'
4 10

10



where

(25) J' = dJ/dx'

For most current functions J(x), the field integrals must be
evaluated with infinite-series expansions or numerical integration
procedures. For the sinusoidal current distribution, however, Ex
is obtained in simple closed form [9] . Thus, if

(26) J(x) = ^[Ilsin(kh-kx) + I 2 sin(kx)]/sin(kh)

then
(27) 2 2) -

(27)4 Sin(kh) [IH 0 2)(k
p l) cos(kh) - IH 0 (kp2)4 sin(kh)

(2) (2)
+ [12 Ho (kp 2 ) cos(kh) - 12Ho (kpl 1

where I and I represent J(O) and J(h), respectively, and pl, P 2

are illustrated in Fig. 3.

For the purpose of representing a continuous surface-current
distribution on a conducting cylinder, it is useful to define a
strip dipole which is comprised of two strip monopoles. Fig. 4a
illustrates a planar strip dipole. This dipole lies on the xz plane
and has infinite length in the z direction. The surface-current
density is

A sin k(x-x1 )
(28) J x for x 1 < x<_ X2

sin k(x 2 -x 1)

A sin k(4x-x)
(29) J= x for x 2 < x< x3

sin k(x-x2)

As indicated in Fig. 4b, the current density vanishes at the edges
x, and x3 , is continuous across the terminals at x2 and has a slope
discontinuity at x 2.
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I

J J

X, X 2  X3

Fig. 4a--A planar strip dipole with edges at x I and x,
and terminals at x2 .

xl x 2

Fig. 4b--The current-density distribution J on the
sinusoidal strip dipole.

Fig. 5 illustrates a strip V-dipole. Distance along the dipole
arms is measured by the coordinates s and t with origin at the
terminals 0. The surface-current density is

A sin k(sl-s)
(30) J =-s on arm s

sin ks1

sin k(tl-t)
(31) J = t on arm t,

sin kt1

where the unit vectors s and t are perpendicular to the z-axis. Thus,
the current density vanishes at edges s and t, and has unit value
at the terminals 0. The edges are para lel with the z-axis. If the
wedge angle p is adjusted to 180 degrees, the V-dipole in Fig. 5
reduces to the planar dipole in Fig. 4.

12



A o

SS

Fig. 5--Nonplanar strip dipole with edges at s, and
tI and terminals at 0.

C. RECTANGULAR SURFACE SOURCES

Consider a "surface monopole" radiating in free space as shown
in Fig. 6. This source is an electric surface-current density
J= z J(z) located on the yz plane. This source has height a/2 and
width b. The surface-current density is related to the current by
I = b J. For the electric surface monopole illustrated in Fig. 6,
the fields are

a/2 b+a/2 b
(32) E = j Lk2 a/2  J G(kR) dy' dz' +v Ib J'Go(kR)dy'dz

a/2 b
(33) H=v xf J G (kR) dy' dz'

0 0

where

(34) R = /(x-x')2 + (y _y) 2 + (z-z')

(35) J' = dJ/dz'

13



z

a
2

b

x

Fig. 6--An electric surface monopole and the coordinate
system.

(36) Go(kR) = e-jkR/ 4 TR

Numerical integration techniques must be employed to perform the
field integrals.

A planar sinusoidal dipole source located on the yz plane as
shown in Fig. 7a will be considered. This source is an electric
surface-current density with height a and width b. The surface-
current density is given by

S2A (z -z2 )

(38) J = z cos for z < z< 3 2

S2(Z _Z2)

As illustrated in Fig. 7b and 7c, the current density vanishes at
the edges z = z, and z = z3 , and is uniformly distributed in the

14



Z3 z3

z3 T Z3

SY ZI
yzJ (z)

(a) (b)

J (z)

0 b(c)

Fig. 7--An electric surface dipole and its current-
density distribution.

transverse direction. The surface-current density and its slope are
continuous across the terminals at z = z2 for z2-z1 = z3 -z2 = a/2.

Fig. 8 illustrates a surface V-dipole. Distance along the
dipole arms is measured by the coordinates s and t with origin at the
terminal 0. The surface-current density for this electric source is

(39) = - cos2 on arm s

15



(40) J cos = on arm t
2t

When the wedge angle i is adjusted to 180 degrees, the V-dipole
in Fig.8 reduces to the planar surface dipole in Fig. 7a.

A
t

A

Fig. 8--A nonplanar surface dipole with edges at s, and
t, and terminal at 0.

The electric sources defined in the previous sections are all
hypothetical sources. The current density on a conducting strip is
neither uniform nor sinusoidal and the current density induced on a
rectangular plate is not sinusoidal. The relevance of these sources
will now be explained. The electric current distributions (Eqs. (20),

16



(30), (31), (39), and (40)) will be used as the basis functions
(Eq. (8)) for expanding the unknown current distribution induced on
conducting surfaces for various problems. Furthermore, test sources
with the same size, shape, and functional form as the expansion
functions will be employed with the reaction concept to solve the
integral equation.

By superposition, the field scattered by a conducting body may
be regarded as the sum of the fields radiated by the mode currents:

N
(41) Es = I In

n=1

(42) HS = In h
n=1

where (en, hn) is the free space field generated by the mode current
n.

17



CHAPTER IV
THE IMPEDANCE MATRIX

From the viewpoint of reaction, the complex number C in
Eq. (10) represents the reaction between the sources m anrnn. The
reaction between two electric sources m and n is:

(43) Cmn = Imn- _m dv

Although the electric sources defined in Chapter III are
hypothetical, it is useful to define self impedance with the induced-
emf formulation [131:

Vmm Cmm
(44) Z m- -

From Eqs. (43) and (44):

(45) Z mm -ffm m dv
mm

where J_ is the current density of source m and E is the free-space
electric field. The self impedance of the longitudinal strip source
(Eq. (20)), the transverse strip dipole [9] (Eq. (30) and Eq. (31)),
and the rectangular surface dipole (Eqs. (39) and (40)), as a func-
tion of size, are listed in Table I, II, and III, respectively.

The mutual impedance between two sources is defined by

(46) Zmn= imm 1nn m d

Tables IV, V and VI list the mutual impedance between two longitudinal
strip sources, transverse strip sources [9], and rectangular surface
dipoles, respectively.

18



TABLE I

Self Impedance of Longitudinal Strip Source
shown in Fig. 9.

h/A R1 1  Xll

0.1 582.38 771.74

0.2 554.63 488.50

0.3 511.90 317.22

0.4 458.70 199.36

0.5 400.65 118.30

CD

J

cO

Fig. 9--Strip Source with J = z .
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TABLE II

Self Impedance of Center-Fed Strip-Dipole
shown in Fig. 10

sI = ti = h

S h/ = 0.05 h/A = 0.10 h/x = 0.15 h/A = 0.20

450 0.11 -j 14.1 0.47 -j 13.4 1.20 -j 12.1 2.53 -j 10.4

900 0.38 -j 20.9 1.59 -j 19.3 3.94 -j 17.1 8.10 -j 14.0

1350 0.64 -j 24.3 2.68 -j 22.2 6.49 -j 19.5 12.95 -j 16.4

1800 0.75 -j 25.3 3.11 -j 23.0 7.50 -j 20.3 14.77 -j 17.4

A

A O

Fig. 10--Nonplanar strip dipole with edges at sI and ti
and terminals at 0.

20



TABLE III

Self Impedance of Center-Fed Planar Surface-Dipole
shown in Fig. 11

a/A R11  X11

0.2 11.48 -69.76

0.3 23.98 -35.26

0.4 38.80 -15.36

0.5 52.98 - 4.52

fi

Fig. 11--Surface Dipole with J = 2 cos(Trz/a)

21



TABLE IV

Mutual Impedance of Coplanar Strip Sources
shown in Fig. 12

h , = h2 = 01/

d/x R12 X12

0.0 582.38 771.74

0.1 526.74 205.89

0.2 376.25 -140.97

0.3 171.77 -283.09

0.4 -27.43 -283.44

0.5 -172.11 -190.34

d

C00 O

Fig. 12--Coupled Coplanar Strip Sources with J1 = ~ = z
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TABLE V

Mutual Impedance of Center-Fed Planar Strip-Dipoles
shown in Fig. 13

Segment length: h/x = 0.1
Distance between midpoints: p/A = 0.3

4 = 00 = 450 B = 900 = 1350

00 1.94 +j 0.81 1.36 +j 0.39 0.00 +j 0.00 -1.36 -j 0.39

300 1.42 -j 0.58 1.62 +j 1.07 0.87 +j 1.80 -0.38 +j 1.73

600 0.39 -j 2.68 0.90 -j 0.66 0.87 +j 1.80 0.34 +j 3.03

900 -.13 -j 3.53 -.08 -j 2.57 0.00 +j 0.00 0.08 +j 2.57

2 \,

Fig. 13--Coupled strip dipoles
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TABLE VI

Mutual Impedance of Center-Fed Coplanar Surface-Dipoles
shown in Fig. 14

a/) = 0.5 b/x = 0.25

0.75 1.076 -j 7.913 -2.925 -j 5.950 -5.968 +j 1.761 0.8871 +j 7.019

0.50 24.43 +j 5.997 10.04 -j 9.321 -9.568 -j 6.65 -7.194 +j 8.971

0.25 53.10 +j 55.87 29.54 -j 9.070 -9.468 -j 19.33 -15.74 +j 6.426
0.0 67.09 +j 13.23 39.07 -j 22.49 -8.659 -j 26.75 -19.32 +j 4.263

sZ/
Y/ 0.0 0.25 0.50 0.75

SY

a 2
+b-.

Fig. 14--Coupled surface dipoles
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CHAPTER V
THE EXCITATION COLUMN

The complex quantities Am in Eq. (9) form the excitation column
in the matrix equation Cmn In = Am. Physically, Am is the reaction
between the impressed source and the test source m. These reactions
are independent of the surface impedance or the dielectric coating.
For arbitrary impressed sources which generate E_ in free space,
Eq. (11) gives

(47) Am = m Ei dv .
iffm

The above expressions require numerical integration over test
source m.

A. PLANE WAVE ILLUMINATION (TWO-DIMENSIONAL TM CASE)

If an infinitely long, electric line source, parallel with the z
axis, is located at a great distance from the conducting cylinder, the
incident field (Ei,Hi) may be regarded as a plane wave with

(48) jk(x cos i + y sini)(48) E= = z Eo e

where 4 is the angular coordinate of the source, and Eo is the in-
cident electric field intensity at the origin. Fig. 15 illustrates an
incident plane wave illuminating a longitudinal strip source with unit
current density in the z direction. The integration in Eq. (47) is
readily performed to yield

ej 2 _ e 1
(49) Am = Eoe -e

jk cos(a-4)

where P. = k(x.cos i + ysin ~-) and a is the angle between the positive
x axis And theJvector di ected from point 1 to point 2.

B. PLANE WAVE ILLUMINATION (TWO-DIMENSIONAL TE CASE)

Consider a magnetic line source, parallel with the z axis and located
at a great distance away, illuminating a strip dipole with sinusoidal
electric current density (Eqs. (30) and (31)) flow in the direction
from I to 2 and from 2 to 3 as shown in Fig. 16. The incident electric
field may be regarded as a plane wave with

A jk(x cos 4 + y sin )
(50) Ei = -In Ho e
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y
z

Fig. 15--A plane wave illuminates a strip source

In this case, Eq. (47) is readily evaluated to yield

e(51) Am = J-H [ej-(cos khl-j cos(aj-4i)sin khl)eJ 2.
k sin kh, sin(a1-q)

[ej3" -(cos kh2-j cos(a2- )sin kh2 )ej*2]+nl Ho
k sin kh2 sin(ca2- .)

where hl and h2 are the 'dipole segment lengths. The angle between the
positive x axis and the vector directed to the terminals from point 1
is denoted al.Similarly a2 is the angle of the vector directed to the
terminals from point 3.

C. PLANE WAVE ILLUMINATION (THREE-DIMENSIONAL CASE)

If an impressed source is located at a great distance away from
a surface dipole with current distribution J = Z' cos(rrz'/a) as shown
in Fig. 17, the incident field may be regarded as a plane wave with

jk(x'sin e' cos Q + y'sin e' sin 4 + z'cos e!)
(52) E = e 1 1

26



a,

.0.

Fig. 16--A plane wave illuminates an electric strip
dipole.

From Eqs. (52) and (47),

sin (Xi ) cos(Yi/2)
(53) Am = (E* z ')2ab

Xi (Yi2. 2)

where Xi = 0.5 kb sin sin ~

Yi = ka cos .
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Fig. 17--A plane wave (EiHi) illuminates an electric
surface dipole.
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CHAPTER VI
APPLICATIONS

In the preceding chapters, attention has been directed to the
general theory of the reaction integral formulation for scattering
problems. Suitable bases and test sources have been defined and the
mutual impedance between them has been evaluated. In the following,
scattering from dielectric-coated cylinders with transverse magnetic
incident wave will first be investigated.

A. CYLINDERS WITH THIN DIELECTRIC COATING (TM CASE)

Consider a dielectric-coated conducting cylinder illuminated by
an electric line source. Let (Js,Ms) denote the surface-current
density induced on the conducting surface, and Jeq denotes the
polarization-current density induced in the dielectric layer. The
first step in the reaction-Galerkin approach is to approximate the
cylinder by a polygon cylinder with N segments. This is accomplished
by fitting the cylinder with segments such that the perimeter of the
polygon cylinder is equal to that of the original cylinder.

Fig. 18a illustrates a dielectric-coated, conducting polygon
cylinder illuminated by a parallel electric line source Ji 2. Let
I n denote the current density Is on segment n of the polygon cylinder.
Each modal current Jn has a uniform current distribution as in Eq.
(20). Now one represents Js as the superposition of the N modal
currents with weighting I n . This gives a piecewise uniform expansion
for J s with N unknown constants. The expansion for Jeq will be
considered next.

For a transverse magnetic source such as the electric line source
Ji z shown in Fig. 18a, the electric field has only a z-component.
For a conducting cylinder with thin dielectric coating, Maxwell's
equations and the boundary conditions can be employed to obtain a
suitable approximation for the electric field in the dielectric layer
(Appendix):

(54) E= -kl sin(k)s (TM case)

where Js is the z-directed surface-current distribution on the con-
ducting surface and E is the permittivity of the layer. Distance
measured normally outward from the conducting surface is denoted by
the coordinate z, and k i is the propagation constant in the dielectric.
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J

- egq

Fig. 18a--Dielectric-coated, conducting polygon cylinder
illuminated by a parallel electric line source.

From Eq. (12) and (54), the polarization-current density can be
expressed in terms of the surface-current density as follows.

(55) Jq = k sin(k 1 )g (TM case)

Since the surface-current distribution J has been expanded with
rectangular-pulse bases Jn, one obtains a dependent expansion for the
polari zation-current density

N
(56) Jeq n

n=1
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where

(57) Jn = E k sin(k 1 ) (TM case)

The magnetic current M vanishes if the cylinder is a perfect
conductor. If the cylinder has finite conductivity and the impedance
boundary condition (Eq. (6)) is employed, then the magnetic surface-
current density can be expanded as

N
(58) Ms = In Mn

n=1

where

(59) Mn s Jn x n (TM case)

and n is the unit normal vector directed into the source region.

From the above discussions, the original problem illustrated in
Fig. 18a can be replaced by its equivalent electromagnetic model, in
that the dielectric-coated polygon cylinder is represented by an array
of N hypothetical sources radiating in free space as shown in Fig. 18b.
Each source is a modal current distribution S_, which is a collection
of mode currents in, J, and Mn, with weighting In

.J.

TEST in §n
SOURCE

Fig. 18b--Electromagnetic model of the problem shown
in Fig. 18a.
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Based on the zero-reaction concept discussed in Chapter II, if
one places an electric test source in the interior region, as illus-
trated in Fig. 18b, this interior test source has zero reaction with
the other sources. To determine N current samples, one makes N
independent reaction tests. This procedure generates a system of N
simultaneous linear equations. Numerical solution of this system yields
a stationary result [17] for the samples of the current distribution.

Let C. denote the reaction between test-source m and mode
current Sn in Fig. 18b. The reaction between the test-source m and
the impressed source Ji plus the reaction between the test-source m
and all the mode currents, N

n=l

must vanish, leading again to Eq. (9) in which the reaction C ls
given by Eq. (10) plus an additional term ACmn given by Eq. (Ta).
B. CYLINDERS WITH THIN DIELECTRIC COATING (TE CASE)

Consider a dielectric-coated, conducting polygon cylinder
illuminated by a parallel magnetic line source Mi 2, as shown in
Fig. 19a. The induced surface-current density Js flows in the di-
rection transverse to z axis. Let In denote the current density at
the corners of the polygon, and let one define N strip dipole-mode
currents on the conducting surface. Mode 1 extends -from point N to
point 2, Mode 2 extends from point 1 to point 3, and so on. Each
mode Jn has a sinusoidal current distribution and unit terminal
current density defined by Eqs. (30) and (31). Now one represents
Js as the superposition of the N overlapping dipole-mode currents with
weighting I n . This gives a piecewise-sinusoidal expansion for JZ with
N unknown constants.

For the TE case, the electric field in the thin dielectric coat-
ing is essentially normal to the conducting surface, and can be
determined from the charge density distributed on the conducting
surface. Via Maxwell's equations and the boundary conditions, a
suitable approximation for the electric field in the dielectric region
(Appendix) is

(60) E jw1- cos(k ) (2 x J) (TE CASE)

where k = k/Er- and cr is the relative permittivity. Coordinate 5
denotes the distance measured normally outward from the conducting
surface. J is the derivative of the surface-current density. From
Eqs. (12) and (60), one obtains a suitable expansion for the polari-
zation-current density inside the thin dielectric layer coated on a
conducting cylinder as follows.
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2

eq

Fig. 19a--Dielectric-coated, conducting polygon cylinder
illuminated by a parallel magnetic line source.

N
(61) Jeq= n

n=1

where

E -1

(62) =  cos(k ) (2 x J) (TE case)

and J' is the derivative of the expansion functions Jn (Eqs. (30) and
(31)femployed for the surface-current density .

If one takes the finite conductivity into account and uses the
impedance boundary condition, the magnetic surface-current density
can be expanded as

N
(63) M = In Mn

n=1
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(64) Mn = zs (2n x n) (TE case)

Thus, the electromagnetic model, in the TE case, for the problem,
shown in Fig. 19a is an array of N overlapping, sinusoidal-dipole
sources radiating in free space as illustrated in Fig. 19b. Each
source is a modal current distribution S, which is comprised of
the mode currents Jn, J and Mn, with welghting I n *

Insn " I

TEST
SOURCE

Fig. 19b--Electromagnetic model for the problem of
Fig. 19a.

Following the same argument used in the previous section, one
performs N independent reaction tests by moving an electric test
source to the conducting surface all illustrated in Fig. 19b. Again,
the zero-reaction concept leads to the matrix equation, Eq. (9),
which can be solved numerically for the stationary current samples.
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In the reaction formulation, a polygon cylinder with N segments
is employed to represent a cylinder with arbitrary contour. It is
found that in order to obtain accurate results one must use at least
five segments per wavelength.

C. PLATES AND CORNER REFLECTORS WITH PERFECT CONDUCTIVITY

Electromagnetic modeling of dielectric-coated, conducting bodies
with finite extent can be accomplished through the procedure described
in the previous sections. In this section, however, two specific
cases, namely, scattering from perfectly-conducting plates and corner
reflectors are discussed. The plates and corner reflectors are
assumed to have an infinitesimal thickness. Therefore, the total
surface-current density s (the vector sum of the current density on
the front and back of the plates) is employed in the analysis.

Consider the problems of plane wave scattering by rectangular
plates and corner reflectors. The planar surfaces are divided into
rectangular cells as illustrated in Fig. 20. The surface-current
density is then expanded into two orthogonal sets of overlapping
dipole-mode currents. Each dipole-mode current covers two cells
and has a sinusoidal current distribution as defined by Eqs. (39) and
(40). In Fig. 20 the arrows represent the mode current densities Jm
Thus, in the reaction calculation, the plates or the corner reflectors
are represented by an array of overlapping mode currents radiating
in free space and the reaction tests are enforced with a set of
electric test sources.

The zero-reaction concept leads again to the matrix equation,
Eq. (9), which is then solved for the samples of the surface-current
density.
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Fig. 20--Electromagnetic model of plate and corner
reflector.
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CHAPTER VII
FAR-FIELD RADIATION AND SCATTERING

The field scattered by a conducting body is the sum of the free
space fields generated by the electric surface-current distribution
J and the magnetic surface-currents Ms induced on the conducting
surface. If the body has a dielectric coating, the contribution from
the polarization-current density J~e should be included. To obtain
the total field one adds the free space field of the impressed
current source (J',Mi).

In the reaction calculation the continuous conducting surface is
segmentized and the current distribution is represented by a set of
modal currents. Thus, the field scattered by a conducting body is
the sum of the free space fields generated by these modal currents.
The far-field contribution due to three types of modal currents
employed in this dissertation will be examined in the following
sections.

A. LONGITUDINAL, DIELECTRIC-COATED STRIP SOURCE

For an electric line source Jz of infinite length located on
the z axis, the free space field is

(65) E= -kn Jz H (kp)/4

(66) A= - j Jz H 2 (kp)/4k.

If the electric line source is parallel with the z axis and passes
through the point (x,y), its free space field at a distant point (p,p)
is

-jkp
kn Jzv' e jk(x cos B - y sin e)

(67) E = -z e

Fix. 21 illustrates an electric surface-current distribution
J(t) = z J(t) on a dielectric-coated, conducting strip extending from
-x1 ,y1 ) to (x2,Y2). Distance along the strip is measured by the co-
ordinate t, and distance perpendicular to the strip is measured by the
coordinate C. For an arbitrary point on the strip,

(68) x = x, + t cos
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h, ( X2, Y2)

Fig. 21--A dielectric-coated strip source.

(69) y = y1 
+ t sin .

From Eq. (67), the free space field of this source J(t) = J Jz(t) at
a distant point (p,) is

• kn T -jkp j - jkCt(70) E = - e e 1j Jz(t) e dt

where

(71) Ji 1 = k(xl cos + yl sin 4)

(72) c = cos(a- )

Using the approximation (Eq. (55)), the far-field contribution
from the volume current density Jeq is
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_eq _____ e - j4k r-
(73) Eeq k e-e

h .d kct -jk sin(a-p)
j j kl sin(k1 ) Jz(t)eJkct e de dt

o 0

The integration along 5 can be readily performed to yield

(74) E eq E
= gTM -

where

e lk -1 e -
(75) g i -k s(a- +d -1

kTM k2 r! kl-k sin(a-4) k1+k sin(a-¢)

If one introduces finite conductivity to the conducting strip and
uses the impedance boundary condition (Eq. (6)), the free space field
due to.this magnetic current distribution is

(76) EM z s sin(a-¢) E

From Eqs. (70), (74), and (76), the distant scattered field
generated by the dielectric-coated conducting strip (shown in Fig. 21)
with JZ(t) = 1 is

--j r/4 z sin(a-p)
(77) E = e n e + g + s F

z 8ik p TM n TM

where

(78) F = ej 2 - ej-
c

(79) *2 = k(x 2 cos ¢+ y 2 sin) .

For broadside direction, i .e., a- ¢= r/2 or 3 7r/ 2 ,
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(80) FTM = jkh eJ 1

B. TRANSVERSE, DIELECTRIC-COATED STRIP MONOPOLE

Consider again the dielectric-coated strip monopole shown in
Fig. 21. This time the source is a transverse electric surface-
current distribution J(t) = t Jf(t). From Eq. (24), the magnetic
field at a distant po'nt (p, ) is

2k/- sin(a-p) -jkp jij h jkct
(81) H = -z e e j t(t) e dt

From Eq. (62), the far-field contribution from the volume current
density is

(82) eq k 2,/ 2 cos(a.- ) -jkp jp (er-1(82) H z e e 1
4.-p-p \ r

hd jkct -jk sin(a- _f cos(k ) Jt(t) e e dC dt

The integration along c is performed to yield

Jeq zk 2 -jkp j h jkct
(83) H = 4A vq cos(a-) e e gTE (t) e dt

where

(84)- 1  ed[k -k sin(a-)]d 1 -j[k+k sin(a- d
TE 2 r k -k sin(a-4) k +k sin(a-)

Consider a magnetic surface-current distribution M,(t) on the
planar strip extending from (xl;y) to (x 2 ,y 2 ) as in Fig. 21. Fromduality relations in electric and magnetic systems and Eq. (70), thefree space field of this source at a distant point (p, ¢) is

(85) HM ek h jkct
(85) HM e Mz(t) e dt

4n v'kp o
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If the magnetic surface-current density M (t) in Eq. (85) arises
through the finite conductivity of the cyfinder, the impedance
boundary condition in Eq. (6) yields

(86) Mz(t) = s Zs Jt(t)

where

(87) s =(tx n) • z = +1

and the unit normal n is directed into the source region.

From Eqs. (81), (83), (85), and (86), the distant scattered field
from one segment of the dielectric-coated conducting cylinder (the
segment in Fig. 21) is

2 i[(n sin(a-)+s Zs)F 1-n cos(a-)gTE F2]e
-j kp

(88) H = - 4nr sin khvn~p

where

(s -h jkct
(89) F = k sin(kh) e Jt(t) e dt

and

J@1 h jkct

(90) F2 = k sin(kh) e J(t) e dt
Jo

If the transverse electric current on this segment has a
sinusoidal distribution as follows

(91) sin(kh-kt) + 12 sin(kt)
(91) Jt(t)

sin(kh)

Eqs. (89) and (90) yield
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(92) F = 1 [eR2 -(cos kh + j c sin kh) eJ lp

+ 12 ej -(cos kh - j c sin kh) ej 2

sin 2(a- 4) L

and

(93) F2  sin2 2 + (sin kh - j c cos kh) e ij
sin2(a-0 1i)11

+ ---- ce - (sin kh + j c cos kh) e
sin2( - )

In the end-fire direction where (a-4) is zero or r,

(94) F1 = e 3  sin kh - kh e j c 11/2

- 2 sin kh - kh e j c 12/2

and

(95) F2 = kh e + sin kh e 11/2

- kh e + sin kh e] 12/2

C. RECTANGULAR SURFACE DIPOLE

,Consider an electric surface dipole with current density
J = z' cos(wz'/a) located on the y'z' plane as shown in Fig. 22. From
reciprocity, the free space electric field generated by this source
at a distant point (r, ,s) (from Eq. (53)) is

(96) s  sin(Xs ) cos(Ys/2) e-jkr
(96) E e' a b sin s e

-- Xs (YS 2- T2) r

where
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Fig. 22--A surface dipole radiates in free space.

(97) Xs = 0.5 kb sin e sin

(98) Ys = ka cos s

The 6- and i-components of the scattered field with respect to the
reference 'coordinate system 0 can be obtained easily via appropriate
coordinate transformation.

In plane-wave scattering problems, one is usually interested in
the echo information defined as follows:
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(99) echo width = lim 2p (TM case)

I HSI 2
H s

(100) echo width = lim p (TE case)
p- oo

and

(101) echo area = lim 4r 2 I ES 12
(101) echo area lim 47r 2  (three-dimensional case).

r 4 E'!

In three-dimensional antenna problems, one is interested in the
power gain:

4rr2 IE_2
(102) gain = 4: r2 2

,IVI2 G
where V is the terminal voltage and G is the conductance of the
antenna.
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CHAPTER VIII
NUMERICAL RESULTS

A. TM DIELECTRIC-COATED CYLINDERS

In this section numerical results are presented for the back-
scattering echo width of cylinders with thin dielectric coating. The
incident wave is a transverse-magnetic plane wave. Fig. 23 presents
the backscattering echo width of a circular cylinder with a thin
dielectric coating. In the reaction calculation the cylinder is
divided into N segments with N = 12 + 20 d/A and d is the diameter.
Similar results for a square cylinder with 16 segments are shown in
Fig. 24. For comparison, similar results are presented in Figs. 25
and 26 for uncoated cylinders with finite conductivity. Bistatic
echo width as a function of aspect angle is presented in Fig. 27
through 29 for circular and square cylinders with a thin dielectric
coating. In all cases, the dielectric layer has a relative dielectric
constant of 10.

B. TE DIELECTRIC-COATED CYLINDERS

Numerical results are presented for cylinders with a thin
dielectric coating illuminated by a transverse-electric incident
plane wave. Fig. 30 presents the backscattering echo width of a
circular cylinder with a thin dielectric coating. As before, the
cylinder is divided into N segments with N = 12 + 20 d/A and d is the
diameter. Similar results for a square cylinder with 16 segments are
presented in Fig. 31. In Figs. 30 and 31, backscattering echo width
for uncoated cylinders are also included for comparison. Bistatic
echo width as a function of observation angle for coated cylinders
are shown in Figs. 32, 33 and 34. The relative dielectric constant is
1.5 in each case.

Examining the results, one can note that the reaction calculation
gives accurate data for uncoated conducting cylinders. Satisfactory
results are also obtained for cylinders with a thin dielectric coating.

C. PERFECTLY-CONDUCTING PLATES AND CORNER REFLECTORS

Fig. 35 presents the backscattering echo area of a square plate
with perfect conductivity for the broadside aspect. In the reaction
calculation, the plate is divided into cells, and overlapping current
modes were employed as illustrated in Fig. 36. In this case the
transverse current was neglected and 45 modes were used for the current
distribution. Useful results can be obtained with as few as one mode
per square wavelength of surface area. For comparison, Fig. 35 also
shows the experimental measurements of Kouyoumjian [18].

The magnitude and phase of-the induced current density on a
perfectly-conducting rectangular plate are illustrated in Figs. 37 and
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Fig. 23--Backscattering echo width of dielectric-coated
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Fig. 24--Broadside backscattering echo width of dielectric-
coated square cylinder.

47



EIGENFUNCTION
* * * * REACTION

1.2

1.0

I Z=0

z
w
1-

w 0.8

SD.: z = 30.64 a

0.6

o

0.4

0.2

0 0.2 0.4 0.6 0.8
d/x

Fig. 25--Backscattering echo width of circular cylinder.
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Fig. 26--Broadside backscattering echo width of square cylinder.
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Fig. 28--Bistatic echo width of dielectric-coated square cylinder
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Fig. 29--Bistatic echo width of dielectric-coated square cylinder for oblique incidence.



1.4
EIGENFUNCTION t/d = 0.05

* * * REACTION t/d =0.05

--- - t= 0.0

1.2-

-I \

z I

0o.8- I

30.6 - t

0

z /

0.4

Ser= 1.5

0.2
0 0.2 0.4 0.6 0.8

d/
o

Fig. 30--Backscattering echo width of dielectric-coated
circular cylinder.

53



0.6

Er =1.5

0.5 0.1

00.1.1

0= 0.1

0.4
z
w
-I

> t
0.0

0.3 -

I-

o 0.2

w t

0.1 Hz

0 I I I
0 0,1 0.2 0.3 0.4

W/Xo

Fig. 31--Broadside backscattering echo width of dielectric-
coated square cylinder.

54



1.2
EIGENFUNCTION t/d = 0.05

* . REACTION t/d =0.05
t =0.0

1.0

S0.8 /

> /

I-.6 \ /

o 0.4 t 4

z

0,2
d = 0,5X0

Er = 1.5

0 30 60 90 120 150 180
(DEGREES)

Fig. 32--Bistatic echo width of dielectric-coated circular
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38. Figs. 39 through 42 show the normalized backscatter cross
section of a rectangular plate. Figs. 43 and 44 show the normalized
backscatter cross section of a corner reflector. The title of each
figure gives the echo area at the broadside aspect in terms of dB =
10 log(ao/ 2 ).

Figs. 46 through 49 show the E-plane gain of the corner-
reflector antenna illustrated in Fig. 45. Figs. 50 through 53 show
the H-plane gain of the same antenna. For comparison, Figs. 46
through 53 include experimental measurements obtained by Melvin
Gilreath at NASA Langley Research Center. In the experimental
measurements the receiving antenna was linearly polarized in the
theta direction. Similarly, the calculated gain is based on Ee.
The dipole length is ?/2 and the radius is 0.005x.

In the reaction calculation, only vertical modes were employed
to approximate the current distribution. The number of modes used
to obtain the results given in Figs. 37 through 53 are listed below.
In each case, the matrix size is equal to the number of modes.

Figs. Number of Modes

37,38 45
39,40 55
41,42 75
43,44 30
46-53 61

20
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JZ 0.5X y
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5 -
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y/x

Fig. 37--Magnitude of surface-current density induced on
a perfectly-conducting rectangular plate for a
plane wave incident at broadside.
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Fig. 42--Normalized backscatter cross-section in the
xy plane of a rectangular plate. oce((e, )
15.23 dB at (900,900).
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Fig. 43--Normalized backscatter cross-section in the
xy plane of a corner reflector. 0e( , 4) =
-0.38 dB at (900,900).
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Fig. 44--Normalized backscatter cross-section in the
yz plane of a corner reflector. ce( , ) =
-. 38 dB at (900,900).
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z

Fig. 45--Corner-reflector antenna.
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* 0 REACTION S= 0.75X a=900
- MEASURED H=2.75X W=X

z,

0 - 10 -20 -20 -10 0

dB

Fig. 46--Relative gain in the E-plane of a corner-
reflector antenna. G( e, p) = 4.31 dB at
(900,900)
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@ REACTION S=0.75X a= 200
MEASURED e H=2.75X W= X

J9

Y H

Fig. 47--Relative gain in the E-planeof a corner-
re flector antenna. G(, .05 dB at
(900,900).
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* * *REACTION S=0.75X a=1800
- MEASURED H=2.75X W= X

Y H
S

0 -10 -20 ,-20 -10 0

o e *

Fig. 48--Relative gain in the E-plane of a corner-
reflector antenna. G( e, p) = 7.48 dB at
(900,900).
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dB•0 9

* 8
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Fig. 49--Relative gain in the E-plane of a corner-
reflector antenna. G( e, ) = -1.06 dB at

(900,900).
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* * * REACTION S= 0.75X a=90 °

- MEASURED H = 2.75X W= X

y H

e Y-- *

0 -10 -20 -30 -30 -20. -100
dB

Fig. 50--Relative gain in the H-plane of a corner-
reflector antenna. G( e, p) = 4.31 dB at
(900,900).
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. .* REACTION S =0.75X a= 120o
MEASURED H=2.75X W=X

I H

S -10 -20 -30 -30 -20 -Io0 0
dB

* .

Fig. 51--Relative gain in the H-plane of a corner-
reflector antenna. G(, 4) = 4.05 dB at
(900,900).
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* 0 REACTION S=0.75X a=180

MEASURED H =2.75 W = X

e 0

0 -I0 -20 -30 -30 -20 -I0 0
dB

Fig. 52--Relative gain in the H-plane of a corner-
reflector antenna. G(e, ) = 7.48 dB at
(900,900).
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* . a REACTION S = 0.75X a =2;700
- MEASURED -H =2.75X -W= X

Fig. 53--Relative gain in the H-plane of a corner-
reflector antenna. G( e, 4) = -1.06 dB at
(900,900).
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CHAPTER IX
SUMMARY AND DISCUSSIONS

The reaction concept and Galerkin's method are employed to
develop an integral-equation formulation for radiation and scattering
from perfectly-conducting plates, corner reflectors and dielectric-
coated conducting cylinders.

For the two-dimensional problems, the contour of the cylinder
is divided into segments and the surface-current density on the
conducting surface is expanded with sinusoidal bases for the TE
polarization and rectangular-pulse bases for the TM polarization.
Reaction tests are enforced with electric test sources. This reaction-
Galerkin technique yields accurate results for scattering by cylinders
with as few as five segments per wavelength. Furthermore, this
technique provides a symmetric impedance matrix in the matrix equation.
The point-matching procedure, on the other hand, generates an unsym-
metric impedance matrix and requires on the order of ten segments per
wavelength to yield accurate results.

For a coated cylinder, the dielectric layer is modeled with the
equivalent polarization current radiating in free space. Maxwell's
equations and the boundary conditions are employed to express the
polarization-current distribution in terms of the surface-current
density on the conducting surface. The impedance matrix has the same
size for an uncoated cylinder and a cylinder with a thin dielectric
coating. It is found that the polarization-current model is more
accurate than the popular surface-impedance model.

For the three-dimensional problems, a new model that involves
dividing the conducting surface into cells, expanding the current
distribution with subsectional bases and enforcing reaction tests with
electric surface dipoles is developed and applied to the problems of
radiation and scattering from perfectly-conducting rectangular plates
and corner reflectors up to six square wavelengths in size. For arbi-
trary aspect and polarization, this sinusoidal-Galerkin technique
yields good results.for scattering by a one-wavelength square plate
with an 18 x 18 matrix. For this same problem, the wire-grid model
(and the surface-cell model with pulse bases and collocation) requires
a matrix size of 60 x 60. Thus, the new surface-current model offers
a substantial improvement in computer storage requirements. This
model can also be applied to nonplanar surfaces provided that the
general surface is approximated by a set of planar cells. In this
case, the cells may have to be reduced in size to obtain a satis-
factory fit. This will increase the number of cells employed for
modeling, thereby limiting the application of this model for non-
planar surfaces. However, extensions can be made such that the indi-
vidual cell is doubly-curved in nature, and integration techniques can
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be developed for evaluating the reaction between these curved cells.
With this extension, the problem of radiation and scattering from
curved surfaces can be analyzed more efficiently, and bodies with
surface areas up to ten square wavelengths may be analyzed. For
problems involving more complicated geometry, such as antennas
mounted on aircraft, a combination of planar and curved cells can be
employed to model the aircraft surfaces.
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APPENDIX A

ELECTRIC FIELD INDUCED IN THE THIN DIELECTRIC LAYER COATED ON A
PERFECTLY-CONDUCTING POLYGON CYLINDER ILLUMINATED BY AN INCIDENT
PLANE WAVE

Consider a dielectric-coated, perfectly-conducting polygon
cylinder illuminated by an incident plane wave as shown below. The
dielectric layer is a source-free region and has a thickness of d
and a dielectric constant e. The segment length of the cylinder is
denoted by a. Define a coordinate system such that ? x : z,

Fig. 54--Dielectric-coated, perfectly-conducting polygon
cylinder illuminated by an incident plane wave.

where t is a unit vector tangent to the conducting surface and Z is a
unit vector normal to the conducting surface. The incident plane wave
is either transverse-electric or transverse-magnetic with respect to
z-axis.

For a perfectly-conducting cylinder with a thin dielectric
coating (d/z << 1), the magnetic field inside the dielectric layer
can be expressed as follows:
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(103) H = Hs cos(as)

where His is the magnetic field induced on the conducting surface S and
is related to the surface-current density Js by

(104) His J x .

Coordinate r measures the distance normally outward from the conducting
surface and B is the transverse propagation constant in the dielectric
region which can be determined from the wave equation. From Eqs. (103)
and (104) and Maxwell's equations, the electric field inside the
dielectric layer can be given as

(105) E = 1 vx[(?Js x ) cos()].

For the transverse-magnetic incidence case, the surface current
density has only a z-component Js = Js(t) and =k = k4/r. From
Eq. (105), it can be shown that

-ki
(106) E = j--- sin(kJ1 ) J (TM case)

For transverse-electric case, the surface-current density has
only a t-component Js Js(t ) and k = kv er For this case,
Eq. (105) yields -=

(107) E j e [( x Js') cos(k€) + k sin(k ) is].

If k C<< 1, Eq. (107) reduces to

1
(108) E = cos(k€) (z x J') (TE case)

where Js' is the derivative of the surface-current density.
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APPENDIX B
COMPUTER PROGRAMS FOR RADIATION AND SCATTERING

FROM TM DIELECTRIC-COATED CYLINDERS

INCLUDE CROUTB,2902W
COMPLEX C(40,40),ZS,CJ(40)
COMPLEX FJ,EJJ,CSTEM,EJF
DIMENSION X(40),Y(40),D(40), IA(40),TB(40)
COMMON/COA/CCC,ER2, TSK2L
DATA IDMi,NT/40,l0/
DATA PI,TP/3.14159,6.28318/
WRITF(1,998)

998 FORMAT(5X,'LOP=?,ZS=?/')
READ(O,-) LOP,ZS

10 CONTINUF
WRITE(1,999)

999 FORMAT(5X,'NCASE=? 1=RFCTANGULAR,2=CIRCULAR,3=STRIP/ )
READ(O,-) NCASE
WRITE(1,99 7)
READ(0,-) PHI,DPH,BSC
GO TO (400,500,300),NCASE

300 CONTINUE
PHI=90.
READ(0,-) WK,NM,TSL ,ER2
TSK2L=TSL*TP*SQPT(FR2)
CCC=(ER2-1.)/ESR2*(.1.-COS(TSK2L))
WRITE(6,4) WK
WK=WK*2.
NP=NM+1
DX=WK/NM
DO 1 I=1,NP
Y(I)=.O
(I )=DX*( -1)

1. CONTINUE
DO ? J=1,NM
IA(J)=J
IB(J)=J+1
D(J)=DX
CJ(J)=CMPLX(2.*PI./DX,,0).

2 CONTINUE
GO TO 600

500 CONTINUE
PHI=.O
PHR =PH IPI/180.
CPH=COS(PHR)
SPH=SIN(PHR)
CST=TP/(-30.*(.707,-.707))
READ(O,-) DL,TSL,FR2,XKS
WRITF(6,4) DL,TSLFR2
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c c
TSK2L=T(SL*TP4SQRT( ER2)
CCC=(FR2-1.i/ER2*(1.--COS(TSK2L.))

cC

NM1l2+20 .*DL
IF(,NIM.LT.I.6) NJM=16
WRITE( 1,-)NM
,NP=NM
PHO=TP/NM
FRL=.5*(PI*D)L/NM)/SIN(.5*PH0)

X(I)=TP*EBL*CCOS(PH0*(I-1))
Y(I)=TP*FRL*SIN(PHO*(I-1))

I~F I.F*M )=II)

D( I )=TP*bL*2 *S I N(5*PHO)
11 CONTINUE

GO Tr, S0
400 CONT INUE
997 F0PMAT(5Xv'PHIqflPHt6SC=?,SCc>Q. **YES/#)

IF(LOP.EQ.2) READ(O,-) XKSvYKS
I F(LOiP.FQ.?) WRITE (6,4)XKS.,vKs
PHR=PHI *PI/jj8o
CPH=COS(PHPR)
SPH=SIN(PHR)
CST=TP/( -30 .*( .707,-.707))
READ(Ov-) AXPYgTSLER2
WRI TE(694) AXPYTSLER?
TSK2L=TSL*TP*SQRT( ER2)
CCC=(PR2-1.)/FP2*(1..-COS(TSK2L))
CALL REC (AX, BYIDMt,NMNP, X ,YIA, IB)
DO 260 1=.1,NM
X (I) =rp*X (I
Y (I )=TP*Y (I)

260 CONTINUE
D0 45 J=1,NM
(=14(J)
L=IPE(J)
f(J)=SQRi((X(L)-X(K))**2+(Y(L)-Y(K))**2)

45 CONTINUE
PO CC)NTINUE

DO 2? 1=1,NM
KA'=I6(l)
KB=IB( I)
JF(LOPI9Q.2) 6O TO 33
CALL CFF(X(KA),Y(KA) ,X(KFB),Y(KBflD'I),CPHSPH,ZSEJFMEJE)
CJ( I)=FJ*CST/D( I)/ lI)

CCC
GO TO 22
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33 Cf)N T IN UF
CALL CELS(X(KA),YfKA) ,X(KR),Y(KR) XKS,YKS r() I ONT, Fj

CJ(I)=CJ(I)/(-60.*p1)

WFR1TE(694) CJMI
?? C q\NT I NU E
600 C ON T INU F

I SYM-O
C

RS=CABS(Z )
IF(RS.GT.0.) ISYM=l

C
cc

CALL Cfl)ANT(CO-,X,Y,ZSIA,1IISYM,1OM,l1!IT,NM,NP)
IF(ISYM.F(Q.10) GO TO 1000
DO 3 ]I',
Dn 3 J=1,NM
WRITF(f,94) C( i,J)

AFORMAT('5X,5Fl(o.4/)

CALL CRC4JtT(C,CJ,N\M,lTOM, ISYM,1,1)

IFf!RSC.GT,0,) PH=PHI
C0 ON T NUF
P14R PH*P I/160.
CPH=C)S (PHR)

S PH= SIN (PHR)

DO 250 K=1,NM
KA= IA (K)
KF=IR(K)
CALL CFF(x(KA),V(KA),X(K3),Y(K,) ,D(K),CPH,SPH,

2Z S,FJ ,FM, EJF)
F JJ=F.JJ+ ( J+F JE )*CJ (V)+FOM*CJ,(K)

250 CONTINUE
IF(Lflp*EQ.?) FJJ.=EJJ+CEXP(CMPLX(.OXKS*CPH+YKS*SPH+PI/4.))
FA3=CAB3'( FJJ)
F WL=2.*PI*F A*A B
EWS=EWL*PlI'2.
WRITF(l,-) PH,EWL
WRI TF(6,4) PH,EWL,EA13
PIA=PH+DPH

IF(rC.GT.0.) PHEND=PHI
IF(PH.LF.PHFNr) GO TO 30)

1000 CONTINUE
RF.AD(O,-) IC.
IF(IC.FQ.0) GOJ TO, 10
CALL FEXIT
END
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SUBVOUTINF CPANT(CtD,X,YtZS, IATlBISYM, 1PMINT9,NMNP)
COMPLFX ZSPllC( IDMIDM)
DIM~ENSION X( 1PM) ,Y( IDM) IN( 1DM), 1A( TOM), tip, (TM)
)0 20 1=1,,'NM
00 20 J=1,NM

20 C(1,J)=( .O,.O)
T) MA X = .0
D0 25 J=11NM
I)K(= F) ( J)

25 IF(DK.GT#0MAX) DMAX=PUK
WRITIF( 1 ,-)r)MAX
TF(DMAX.LT*23.) GO TO.31)
I SYM=l0
RE TURN

30 CONTINUIF
DO 200 K=.1,NYM
KA= IA (K)

0 V.=DP(K)
LL1l
IF(1Y..) LL=K
DO 200 L=LL,NM
LA= A( L)
L5=IEB(L)

IF(K.FO.L) GO TO 120
1ND=(LA-KA)*(LB-KA)*(LA-K)*(Lp-KB)
iF(INlD.EQ.0) GO TO 8o

CALL ZMMC"(X(KA),V(KA),X(KF-i),Y(KR-),X(LA),Y(LA),X(LB),Y(L.P)
2Z SDKv!PL, NT,pPill
GO TO 168

8O CONTIN,!
JM=KA
JC=KA
1N=(KB-LA)*(K9-LB)
IF ( 1ND. Nf:.0) GO. TO 82
JC=KR

J M= KA
82 JP=LA

IF(L9%FQ.JC) G0 Y0 P3
JP=L.B

P3 CALL ZMR(X(JM),pY(JM) ,X(JC),Y(JC),X(JP),Y(JPJZSQKPLINTPl1)
GO TO 16j.

120 CALL ZMMA(OKtZSqPlll
168 C(KL)=P11
200 CONTINUE

R ETURN
CNJD

82



SURROU IN F ZMMlA(DK4SPJ 1)
COMPLEX( Z,',H1,~lVHGJ ,YP11
Cf.lMM0\!/CO/A/CCC, EP2, TSKL
DATA P1/3.14159/
TP=2 .*P I
ETA= 120.**P I
CALL HANJK(nK ,HO,H1,1)

* CI=VH(ClK)
F)=)K /TP

*Pll=Pll*TP*r-TA/D/o
Y=PI 1*2 ./FTA

P11=P11+Pil*CCC
cc
C

P11=PI1+ZS*PI /DK
C

R2 FTURPN

SL'BROUTIN'r ZMmP (X1,Yi,X2,Y2,.X3,Y3,ZS,

CfDMPLFX VP9,ZS*QlltY11 ,CCPGI,G2,C12#
2H10,H11,H2-0,H2lHl2,1219H.C,HP1,HMOHM1
COMPLEX DDII1.P ,Dr 1M,PKH1 PRKHlMDQI1 ,DCNT
COMMONI/CiA /CCC, EP2, TSK2L
DATA CC-P/(.0,.63662)/
DATA P1/3.14159/
.S=CA S (Z S)
CRFT=(X2-Xl)/DK1
SE3ET=(Y?-V] )/DK1
XB=(XI-XI )'*CBT+(Y3-Y1)*SEBET
YPi=-(X2-Xl)*S±f3FT+(Y3-v1 )*CF4FT
C AL= (XE -D)K) /DKI2
S AL=ARS I V/DK2)
AL=ATAN?(CSALvC AL)
CNT=.1'5*4**PI*PI/DK2/DK1
D rKI 2=DK 1+r0K 2
IF(CAL.LT.0.) Gfl TO 20
IF(SAL.GT.O.04) GO TO 26
CALL HANK (DKI ,HLOtHI1,1)
CALL HANK(DK2,H?OH?l,1)
DK12=DK1+[DKZ
CALL HANiK (K12,H120,H121,v1)
G1=VH(OK 1)
G-2=VH( DK2)
G12=.VH(0Kl12)

011=Q11+Co11*CCC
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RET UI R

I P= I N P+ 1
,P= I P
F IT=INP
ALT =AL/12.o
CALT=CYS(ALT)
SAL T=S IN ( ALTl)
PCP=rPKI2*C ALT
RS? (DK2-DKI.) *SALT
PHC=AT A%? (P SPRCP)

PHM=-A LT
PH = PH C
IPHM=( PHC+ALT) /F IT
DPiHD=(ALT-PHC)/FI T
Yll=(.O, .0)

fl0hI=(.0,.0)

DO 200 1=10P
6 1G+3 .

1F(I.Eo.1.flR.I.EQ.1IP ) 01
S>AP=SIN (ALT+PHP)
5SAM=Sl N( ALT-PHM )
ARGP=DK2*SAL/SAP
ARGM=DK I*SAL/SAM
CALL HANK( &RGP,HP0,HPI, 1)
CALL HANK(APGM,HMo,HMI, 1)

C
IF(RS.LF.0.) GO TO 300
DARGP=AOGP/FI T
DARGM=ARGM/F IT

D011P( .0t.0)

RKHlP=CCP
R KHlIM=.C CP
DO 1.00 )4=.gJP
C=SGJ+3.
IF( J.FO.1.OR.J.EFQ.JP) C=i.
TF(J.EQ.1) GO TO 94
CALL HANK (RKP vH10,H11,11
CALL HANK(RKMH20,H21,1)
RKHIP=RKP*H1 1
P KH 1M=RKM*-2 1
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Q4 CCNT INUEF
DQl iP=DQ11P.RKHlf,*C
DQ11M=nQ,11M+PKHIM*C
P KP=RK P+DARGP
RKM=RKM+DA,.GM

100 C ON TINUE
DQ1I=P11+SAM*(n11P*DAPGP*Pf4P+DQ1M*)APM*lPHM)*i

300 C ON T I NJF

* Y11=Yi1+(APGM*HM1*DPHM+ARGP*HPI*DPHP)*O
PH-M= PHM +OPHM
PHf'=PHP4DPHP
SCAI=-SCI

200 CONTINUE
011=CNT* (Yi1/ 3*/ S A L-CCP *AL/ SAL)

cc

fCNT=ZS*CMPLX(.0,-2.*Pl)/(4,.*f)KL*DK2*SAL)
r1)011 =D0 1 1*DCNT/ 9.
Qll=011+DQ1l

R ETtUR-N

SUIROIJTINE ZMMC(X1 ,Y1,X2,Y2,X3,V3,X4,Y4,ZS,
20DK1 ,092t, NTP 11)

COM PLFX P11,G3,Gl3,G23,G123, VHHAOIHAl1,BHBoN1,HCONC 1HDOHl,
COjMPLFX HXHYiDP11,DCNT
COMPLEX HOH1
C0MM0NICOA/CCCvcER?, TSK2 L
DATA P1/3.14159/
PS=CARS(ZS)
CB mT = ( x2-X IfD K1
SPcT=( Y?-Y ) /DK1
XA=(X3-Xl)*'%CBET+(Y3-Yl)*SBET
X3 =(X4-Xl)*CFT+(4-Y)*SFET
YA--(X3-X1 )*SrBET+(Y3-YI )*Cf3FT
Y!R=-(X4-Xl)*SPET.(Y4-Yl)*ChFT
CAL =(XB-XA) /DK2
SAL= (VF-YA )/DK2
C.NT=5 .*4.*PI*PI /DKI/DK2
ASALAS( SAL)
IF(ASAL.C7T,.04) GO TO 20
IF(YR.NF..0) GO TO 20
DK3=ABS (XA-DK1)

C
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1Ff XA.LT.0 ,0) DK3=ABStX5)
C

DK1 3=PrK 1+C,)K3
DEK23 ='K2+ DK 3
DK123=lKl +DK2+DK3
CALL HANK(DK,3 iHA09HA1,11
CALL HANK(OK13 9HBQHB1,1)
CALL HANKDK2?: ,HCOqHC1,j)
CALL HANK(DK123,HDOHD1,1)
G3=/H(lK.3)
G 13=VH (DK 13)
(G23=VH (rBK23)
G1221=VH (DK123)
Pll=C.NT*(DK3*(G3,-A)-[v3*(3...HB1)..K2-*(C23-HCI)+r)Kl2

3 *
?(Gl23-HD1

Cc
P1L=Pl1+Pi1*CCC

C C

20 CON'TINUE
P MI N=10000.
X=XA
Y =Y A
DX =0K 2 *CAL /4.
DY=DK2# $AL/4.
D0 40 J=1,5

R =AE!S(Y)
IF(R.,T .1.E-15 )YS=Y*y
xs=0.o
XA9 =A BS (X-nK1)
1Ff XAR.GT .1 .- 15) XS=XAF3*XAF
IF(X.LT.0.) R=SQRT(X*X.YS)
IF(X, ' T*DK1) R=SQRT(XS.YS)
IF(R.LT.R.MIN) RMIN=R
X=X+DY
Y=Y+DY

4 0 N CO1NV E
F'4T=1+(4*1N4T) /10
ISS=FT*DK1 /RMIN
I SS =2* ( I SS/12 )
IF(ISS.LT.2) ISS=2
I F ( ICSGT,2 0) 1 SS=20
FSS=ISS
I SQ=ISS+1
D S- PK 1 / F S S
I TT=FNT*DK2/RMIN-1
ITT=:2*( ITT/2)
IF(ITT.LT.2) IIT=2
IF( ITT.GT.20) LTT=20
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FTT= ITT
I TO = ITT+ +1
D) T= DV 2 / FT T
DX=D1*CAL
D Y=D T*S A L
X=XA
V =Y A
SGJ=-1.
P11 = (.0, .c0

C
DPI = (.0

C D 200 J1,IlTO

D=SGJ+3.
1 F(J.EFQ.1.Q.R.J.EQ.ITQ) 0=].
xP=.0

YAB=A3S (Y)
IF(YABGT.1..E-15) YS=YABi*YA.B
FZ=( .0t,o)

HX=(t.,.0*)
HY=( .0,.0)

C

Dr) 100 1=1,150
C =SGJ+ 3 .

f)FLX=A3S (X-XP)
r)xs=.*0
IF(DFLX.GT.1.E-15) DXS=DcELX*DFLX
RK=SQRT(DX5+YS)

C
SPH=Y/RK
C P4=~ (X-XP ) IRK

C
CALL HANK(RKvHH,1t,)
EZ=EZ+4HO,*C
xP=xp+0S

C
IF (:ZS. LF:.0. ) GO TO 100
HX=H X+H 1* (--S PH) *C
HY=HVI-H *CPNI*C

C
100 C ON T I~J F
* EZ=EZ*DS/3.

P11=P1 1+ Z*D

HX=HX*DS /2.*
4Y=HY*D05 /3.
DPll=DP1 .41HX*CAL+HY*SAL )*D
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c
SGJ=-SGJ
X=X+DX
y =y - Fly

200 C(INTINUE
Pjj=Pjj*nT/- .
PJI=PJJ*CIT

cc
pll=pll+rll.l*c.c

cc
c

)C,& T=IS*CIAPLX(*09-2.* Pl)/(4.*OK1*DK2)
nPll=r)Pll*DC%,,T*DT/3.
PII=Pll+OPll

c

!-ND
SUBROUTINE HAO\K(XH1,Hlt Irl)
C.C'MPLF X HtH .I
DATA TSP/.f)--661977/
IF(X.'VT.3.)Crl TO 100
XLN=TSP*ALO(,(X/2*)
P r)

Y=.O
y 1= . 0
Yl=X/3.
X?=Xl*Xl
IF(XI.LT..J)CC TO 60
X4=X2*X2
X =XK*X4
IF(XI.LT..3KU TO 55
X8=Y2*X6
XIO=X2*XP
X12=X4*YIC,
".=.IrIFI-3*XI2-.394445-i. *XIO+.444479F-I*XI

Y=-.'414146 ---:'*Xl"(-'+*427-416E-2*XlO-.4261214F-1*XS
Rl=.1109F-4*XI2-*3176IF-3*XlO+*443310F-2*x8
Yl=.27 7-"F+-"*XI2-.400976E-1*XlO*o3l230-r-I*X8

55 B=R-.2.163866*X6+1.2656208*X4
Y=Y+.2530(,)117*X6-.74350384*X4
, l=Bl-*305428qF-l*X6+.21093573*X4
YI=YI-1.3164827*X )+In-*16F270q*X4

6C R=B-2,249P997*X2+1,w
Y=Y+,60FI;9366*X2+.36746691+XLN*B

Yl=(Yl+.221.2r)Pl*)(2-.6366198)/X+XLN*Bl
GO TO 20n

100 SW=,SCPT(X)
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XI=3./X
Y2,=X 1*X 1
X? =x I*x 2
X4=X I* X'-",
X F=X ].*X4
X 6= X I *,x
F =.7979 S456-. 77F-6*Xl-.55274E-2*X2-.95 12F-4*X3+. 137237F-2*X4
2-.72805E-3*X5+.14476E-3*X6
T=X-,78539PI6-,416(,397E-1*Xl-,1954E-4*X2+.262573F-2*X3

?-.541?5r.--3*X4-.29333F-3*X5+.13558E-3*X6
'3=F*C0S(T)/SW
Y=F*SIN(T)/SW
F=-.7c)7PP456,+.156E-5*Xl+.16596167F-1*X2+.17105F-3*X3-.24051IF-2*X
2+,117653E-2*X5-.20033F-3*X6
T=X-2, 3561945+,12499612,*/Xl+.565F-4*X2-.637P79E-2*X:,'+.7434EF-3*X

2+.79P24F-3*X5-j29166E-3*X6
51=F*COS( TUSW
YI=F*SIN(T)/SW

200 H=(MPLX (P. -t-Y)
H l=CMPLx( F1,-Yl
R FT UP N
END
COMPLFX FUNCTION VH(X)
DIMENSION A(R)*B(8)
COMPLEX G(51)9HOtHl
DATA G/
?(oOg.0)9(.199339-.34 ,70)9(*394701,-.50952)9

-*637,87)v(*91973t -. 63707)j
2(l.06356,-.6049(i),(1.18750#-.- 4783)t(l.289829-.47156)-t
"(1*36940t-.3Fl36)t(l.425779-.2q2l9)t(1.45913?-.17871)t
2(l.47029t-.07527),(I.46070,.02420),(1.4':-k23ltoll6l8)t
2(l.3R757,*19766)7(1.--;2928,.26620)9(1.26056,.--1997)9
2(l.1846F,9.3-)775)9(1.10497t.37897),(1.0?4739.--i8367)I
2(.94714"*37250),(.8750'v.34665),(*Rll0l,*30790)t
2(.75721t.259,02)v(.7153liol' P72),(o686479.13551)v
2(.671319.06P,1,4)9(.66993,.C,00--,(,-)g(.68lP7,-.06517)v
2(,70f-)2"C.,-,12595),(.74160,-ol7976),(o786 28,-v,22471),
2(.3382li-.25931),P(.89512,-.2P253),(.95464t-.29377),
2(l.01,43r ,-.29295),(I.t')719,-.28043)1(1.175091-.25702),

2(l.25Q3c4v-.C)P335),(1.26778#-.02c)40),(1.26520,.02451)t
2(1'.25227i.(i76e"6),(1.2'-l'c447#0#12385)9(1.197999.16550)9
2(l.15928t.19969)t(lol.14997#*22523)t(1*067019,24129)/

DATA PI/3.1.4159/
DATA A/.0623-- ,,(iO4O4,,,001019.00054,,
2.000409.00026,.00013,.00003/
D4TA f /.7Q7891.01256,.00179,.000679

2o0004l,.00025,.OCIC)11,.()(,)OC',2/
IF(X.Lr,,r4) G ? TO 200
IF(X.LT.IC.) Gn TO 100
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VjI= , 0

K=I-

VJ=VJ+A ( )*(8./X)**(2*:K+1)*S1GN4%
VY=VY+B41)*(S../X)**12*K)*IGN11

1"0 CCNT1T INU
VH=1.-CMPLX(VJ,-VY)*CEXP(CMPLX(.09P1/4.-X))/SORT(X)

100 CON T INU F

J=Y+1 .9
IF(J.LT.2) J=2
IF(J#GT.50) J=50
JM=J-1

F1> J 

YJ=FJ-1.
Q=V-YJ

8 -Q* *2
HC*G( JM)+D*(,(Jp)+F*G(J)

VH=CONJkG IVH)
r FTUPN

200 CONTINUE
C ALL HANK(X,H0,HI ,2)

HRI=X*X/3 .-X**4/45.+X**6/(63.*25.)-X**8/(61.*2"5.*49*)
VH=X*HO'+X*( HFO*Hl-H~l*H0)
R FT UR N
END
SUBROUT IN" CFF(XAVAX~gY,KICPHSPHZSEJEcMFE)
CO;MPLFX Z $tEJ ,JAFJBtF, EM, FJF ,E1,E2
(OMMON/C0A/CCCER?,TSK2L
DATA P1.13.14159/
rFTA1?0 .*Pl
CA= ( XB-XI' ) /DK
CbE= (YB-VA )/DK
A=XA*CPH+YA* SPH
R=X 9*C PH +YRF*S PH
P JA =CMP LX(CDS( AS IN (A))
'J.R=CMPLX(Cfls(8),SIN(S))
C=CA*CPH+CB*SPH
S =C Ft*C PH-CA * SPH
F =rCMPL X( . 0, DK ) *EJ A
IF(ARS(C).GT*.001) F=(tJB-EJA)/C
FJ=-30.*(.707,-.707)*F
FM=?S*(.707*,7O7)*S*F/(4.*Pl)
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c C
SP=l.+S/SC RT(PR2)
SM=1 .- S/SQRT( FP2)
Fl=CMPLX(O,?TSKfl-L)

CMPLX(O.t-lSK2L)
IF(SP.CT.O.001) F '=(CFXP(CMPLX(*OtTSK2L*SP))-l.)/SP
IF(SM.GToO.001) Fl=(CFXP(CMPLX(oOt-TSK2L*SM))-lo)/SM
JE=-FJ*(F-R2-1.)/FR2*(Pl+F2)*,9

cc
RETURN
F
SO'BROUTINF CF-Lc(XIvYliX2tY2tXrtYStOKIINTtPI)
COMPLFX H0jHjqPl
DATA PI/33.14159/
CRFT=(X2-Xl)/r)K
'l BFT=(Y2-Yl)/DK
XA=IXS-Xl)*(,PFT+(YS-Yl)*FBET
YA=-(XS-Xl)*SBET+(YS-Yl)*CBCT
X=XA
Y=YA
YSQ=Y**2
RMIN=AfkS(Y)
IF(X.LT.O.0) PMIN=SQRT(X*X+YSQ)

IF(X,(,Tr)K) QMIN=SQRT((X-DK)**2+YSO)
F-14T=1+(4*INT)/Io
ISS=FNT*r)K/RMIN

ISS=2*(ISS/21
IF( ISS.LT.2) ISS=2
FIT=ISS
ISQ=ISS+l
t)S=r)K/FIT
SGI=-Io
XP=O.

.Do 100 1=111SQ

C=SGI+3.
M I FC*l.DR,.I.FQ.ISlQ) C=J.
DFLX=X-XP
RK=Sf,)RT(DELX**2+YSO)
CALL HANK(RKHO,,HljO)
PI=Pl+HO*C
SGI=-scI
YP=XP+DS

100 CONTINUF

RFTURN
F NID
SUR Q LOUTINF RFC(At6qIDMqNMjNPXjYjlAvlB)
r)IMFNSIr,'N X(IDM)fY(IDM)tIA(IDM)q18(InM)
NX=A*5.+l.,5
NY=8*5.+1.5
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IF(,NX*LT.4P%.YX4
IF( NY. LT 4 )NY=4
DX=A /NX
DY=5B/NY

nfl ? J1,'NM

IP(J)=J+

3 IF (J *FQ. NM) IF(J)=1

N Y P= MY+ 1
I T=2*Nv+%!X+2

9 T= . 5 F,

X (I) =AT
Y(1 )=-PT+(I-1)*ly
XCI I)=-X( 1)
Y(IT)=Y(I)
1 T=NIYP+2* (,NX-?)
I S=-NY+2
I F=NX.NY
Do 2 1=iS,IE
I INM-( I-IS)
X fI) =41-(I-I S+1 )*Dx
Y(1 )=BT
XC I I)=X C 1
V(II)=-Y(I)
REFTURN
END
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APPENDIX C
COMPUTER PROGRAMS FOR RADIATION AND SCATTERING

FROM TE DIELECTRIC-COATED CYLINDERS

COMPLEX CQTZSZ'--liZl2,YII Y12 ,HZMHZSKZT
COmPLEX C(5 ,56),CJ(5b) ,HJJ(56),HMM(56),VJ(56),HJJEQ( 56)

DIMENSION MO(56,5) , N(56) ,X(56) ,Y(561 ,0156),XC(56),YC(56) ,DC(5,
CC!MMON/COA/TSK,ER2,C0NS)T
DATA ID.M,1N!T/r'6910/
D)ATA P1 JP,ETA/3.14I59,6,.2P3lP,376.727/

? FORMAT(IX,HE15.7)

7 F0QMAT(7Ft0.5)
a FfRMtT(lXjid'*5)

CQT=1.414214*ElA*CMPLX(1.?-].)
10 RFAD(5,.!11WP,L(2P9NM,NP

WRITE(6,8)IWR,LnPNM,NP
Wr)ITF(6 ,5)
DO 50 J=1,NM
READ(5v8)IA(J),1$(J)

50 WRlTE(6,SflA(J) ,1$(J)

CALL S 3T(IA, f1$, 12,13,JAJ$,MDND,'!MNPN, IDM,MAX,MI.,N)
IF(MIN.LT.1 .0P. MAX.GTW.5)GO TO 300
DO 55 1=19N

WRI T(6 ,5)
D0 60 I=],NP
RFAD(5v7)XC( 1) YC(i)

60 WRlTE(6,2)FI,XCUl),YCUl)

00 70 JAN=ijNM
Kl1M IA (JA~J)
LIM18 (JAN)

70 O)C(JAN)=SrQPI( (XC(LIM)-X(C(KIMI )**2+(YC(LIM)-Y C(KIM))**2)
READ(5,7) TSL,ER2
WRITF§(612) TFLtFP2
WPITE(6,5)
T SK=T P*TIS L
CONST=(F-'2-1.)/FR2*(COS(TSK*SQRT(ER2-1.),)-l.)

80 tzFAD( 5,7)CMM,DPHFMC,SCALEtTC
WRIUT(692)CMMv,,DPH,FMC,SCALF,UfC
WRI T (65)
WAVM=300)./FMC
TPL=TP
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IF(SCAL .GT..)TPL=TP*SC4,L/WAVM
DO P0 IANL1,%P
X ( IAN,)=TPL'IXC ( tAN

90.' Y(IAN)=1PL*YC( IAN)
Orf 95 JAN-l,NJM*

Q05 1) J AN)=T PL *DC (J AM)
112=1
I SY Ml=r

TK=TPL*TC
IF( CMM*.GT.0C. )C,&LL CSURF(fCtM,FMCgTK,ZS)
I F(CMM.SGT.0 .) I SYM=1
1F(TSL.GT.0.0) 1SYM=l
CALL C0n4, T(C,r.,Y Y,Z ,1A,1E,11,I2,I3, ISYM

IF(ISYMFQ.1o'G0 TO 300
G10 TO (11O,120,130t140),LOP

CALL VNAS( IDM,iGN,I$YMIWR,112,N,C,CJV1.1)

F G N= IGN
WRI71F(6 ,2) FGNl,Y11
GO TO 200

120 READ(5,P)JSA,j1SB
CALL VWAS(IA,I8,1DMilSYMIW1lIt2,3112JSAJS,MljNNrI~m

2, CCJ, 9,VJ ,Y11)
F SA=JSA
FSB=JSB
WR ITF( 6 2) FSAtFS89Y1 1
GO TO 200

1-30 READ)(5,7)PSI,XCS,YCS
XS=TPL*XCS
YS=TPL*YCS
CALL VMLS(IA, 18,1DM9 INTIS~MIWR,11, 12,13,112,MPN 9 N) 9 NM,
2CCJD,P.51,VJX,Y,XS,YSY11,ZS)
WRlTF(6*2)PSIiXCS,YCSY11
GO TO 200

140 P FAD)(5,7)RSC,PHI
WRI TE(6,2)BSCPHl

200 W9 ITF(6t5)
lF( LOP .NE.4)G=REAL(Y1.)
I NC= -I
lF( LOP .EQ,4) WC=1
IP1 A=?
IF( LOP EC .4) IPA=l
I F( L0P.NF .4)RESC=-1.

00 ?60 JPH=IPA,NPH
FPH= IPH-2
PP H= fPH * PP H
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IF( IPH.FQ,.1)PH=PHI
CALL VFF(IAI3,INCIDMISYMIWR,Il,.129, 13,11LOPMO),N,NPtN4
2C,GJD,tWL,GYGAINHJJF. MMNZSHZT,PHECS,Vjxt,, vystzs)
IF( LOrP.N*.4) WR ITE(6, 2) PHCAIN
IF(LfP.EQ,4)WRITE(6,2)PH,E-WL,FCS

IF(BSC.GT.O. )JINC=l
280 GQ=GR,+CAFB5(HZ.T)**2

WRITE (61,:)
SCS= .01745 33*DPH*GR
IF( LOP,*FO.4)WR IT E(61,2) SCS
GR=FTA*SCS
lF( LOP .NE.4 )WRITE ( 6,2)OR
WRI TF( 6t5)
PEAD ( ,, 8) JOE, LOP
IF(JoB.FQ.1o)Ge TO 10
IF(J0B.FQ.P0)GO TO 80
IF(JO;8.F0.300)GO T'O 300
GO TOM( 10,120,130,140), LOP

300 CONTINUE
CALL FXIT
E ND
SUBRflUTINF SORI( IA,15,I1,I2,l3 ,JA.,J8,MDNDNM,,Nv~MAXtrqN

21lICJ91NM)

DIMENSION 11(1) ,l2(l),13(1),JA(l),J8(1)
9 FORMAT(3X,'MAX 1915,3X,'MIN 15,3XN 105

1=0
")O 24 K=lNP
NJK=O
Dl20 J=lNM

JND=( IAf J)-K) *(lB (J)-K)
IF(]Nr..NF:.0)GO TO 20
NJK =NJ K+lI
JSP (NJ.) =J

20 C ONT INUE1
M Or)= NJ K -1I
IF(MOD.LE,0)GO TO 24
DO 22 IMDIM0D[

I F ( IGT .ICJ)GO TO 22
I PD=IMLD+1
JAI=JSP(WlD)
JA( I)=JA1
JBl =JSP (I PD)
JB( I)=JBI

114 1IA ( J'A*OK)I(i=13

12(1I)=K~
13( 1)IIA (JBI

22 C ONT INUF
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24 CnNTINUF
N=1
n0 '30 J=1,NMv
ND( J )=0
0n 30 W.=1.94

30 McD(JK)=0
III=N
IF(N.GT.ICJ)111=ICJ
DO 40 I=1,111
J=JA (I)
00D 38 L=192
N,H)( J)=NCD(J)+l
K~l

32 MJK=M)(J,K)
IF(MJK*NE.0)GO TO 34
M~l
MD( JgK)=I

34 K=K(+l
IF(K.GT.4)C-0 TO 38
IF(MoEQtO)GO TO 32

38 J=JB(I)
40 CONTINUE

MIN=100
M AX =0
DO 46 J=19NM
NDJ=N ( J)
I F( NDJ.GT.MAX )MAX=NDJ

46 I F(NOJ. LT.MIN)M!N=NDJ
IF(MAX.GT.4 .OR. MINeLT.1 *OR. N.GT.ICJ)WRITE(6q9)MAXqMINqN
RFTLIRN
E ND
SUBROUTINE CDANT(CDX,YZS9 IAlIl ,I2,13,ISYM
2, 1DM, NTvJAtJ!3 MD,N,ND, NM, NP)
COMPLFX Z$,tPlIP12,P?1,P?2,D11,Q12,021,Q??,P(?9?)9 ,Q42?)
COMPLFX C(IDM,IDM).
DIMENSInN X(1),y(l).,D41),IAtl) ,IB(l),JAt1),J; (1)
DIMENSION I1(l),I2(l) ,13(1),MD(IDM,4hgND(l)

2 FO'RMAT(3-X,IDMAX = *,E10&3,3Xf'DMlN = 1,E10.3)
DO 20 11I,N
DO 20 J=1,N

20 C(IJ)=(.0,.0)
D)MAX=.0
DimIN=10 0.
00 ?5 J=1,Nm-
K=IA(J)

D(J)=SORT((X(L)-X(K))**2+(Y(L)-Y(K))**2)
IF(D(J) .GTDMAX)DMAX~fl(J)

25 IF(O(J),LTwDMIN)DMIN=D(J)
DRAT=DM IN/DMAX
1F(flMAX*LT*3* .AND* DRAT.GT..0l)GO TO 30
N =
WRI TF ( ,2 )DMAX,DMIN
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R ETUPN
30 r0 200 K=1,NM

NDK=ND( K)
KA=IA(K)
K B=lI (K)
DK=D(K)
00 200 L=I,NM
N DL=ND IL)
LA=IA(L)
LB=IB(L)
DL=D [ (L)
NIL=0
DO 200 II=1,NDK
I=MDIK,II)
FI= 1
IF(KR.-Q.12(1))GO TO 36
IF(KP.FQ.I] I))FI=-1.
IS=
GO TO 40

36 IF(KA.EP.131 ))FI=-1.
I S=2

40 00 200 JJ=1,NDL
J=MD( L,JJ)
IF( ITSYM.NE.O)GO TO 42
IF(I.T.J)GO TO 200

42 F J=1.
IF(LB.EC.12(J))GO TO 46
IF(L .EQ. 11(J) )FJ=- .
JS=1
GO TO 50

46 IF(LA.EO.13(J) )FJ=-1.
JS=2

50 IF(NIL.NF.O)GO TO 168
NIL=1
IF(K.EQ.L)GO TO 120
IND= (LA-KA) ( L-KA)* (LA-KB) (LB-KB)
IF(IND.EQ.0)GO TO 80

C SEGMENTS K AND L SHARF NO POINTS
CALL ZMM3(X(KA),Y(KA),X(KB),Y(KB),X(LA),Y(LA),X(LB),Y(LB) ,ZS,
2DK,DL,INT,P(1,1),P(1,2),P(2,1),P(2,2))

GO TO 168
C SEGMENTS K AND L SHARE ONE POINT (THEY INTERSECT)

80 KG= 3
JM=KB
JC=KA
KF=-1
INO=(KB-LA)*(KB-LB)
IF(IND.NE.0)GO TO 82
JC=KB
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K F=1
JM=KA,
KG=O

R 2 L G=3
JP=LA
LF='-l
IF(L*FQJC)G0 T (" 8 3
JP=LB
L F= 1
LG=O

83 SC!N=VF*LF
CALL ZMY2(X(JM) ,Y(JM),X(JC),Y(JC),X(JP),YfJP),ZSDKDL,

00 98 KK=I,2
KP= TABS (KK-KG)
DO 08 LL=l,2
LP=IABS(*LL-LG)

98 P(KP,LI-P)=SGN*O(KKiLL)
GO TO 16F

C K=L (SFLF PEACTIONJ OF SFGMENT K)
120 CALL ZMML (DKZStP (1,1) ,P( 1,2))

16P C(1,J)=C(1,J)+FI*FJ*P(ISJS)
200 C ON TIN L)E

END
SUnRO1JTINE ZMM1 (DKtZStPll,P12)
COMPLFX ZS,HOH1,P11 ,PI2

C
CO"4MON/CCA/TSKPFR29CONST

c
DATA P1/3.14159/
CDK=COS (DK)
SDK=SIN(DK)
CALL HANK(DK ,HO,Hlq2)
SDK SSDK**2
CDK(S=CDK**2
P11 =-2.*Hl*CDK+H0*SDK+2.*(.0,1.)*(1.CDKS)P/DK
P12 =-14C*CnDK*SDK+Hl*f 1.+crDKS)-4.*( Oil. )*C)K/Pl/[oK
Pll=15.,*DK*Pll/SDKS*(1.+CONST)
P12=15.*OK*P12/SDKS*( 1.+C(3NST)

Tr)K=2.*nK
C TDK=COS ( MeK)
STDK=S INC 1K)
CCT=SIN(TSK*SQRT(E+R2-1.))/SQRT(ER?7-1.)

2(CDK*(TDK+SrnK)+Sr)K*( 1.-CTDK) )/SflKS
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C
RS=CABS( ZS)
IF(RS.LE.0.)Gn Iti 100
C ST =16 * P 1* SD KS

CTDK=COS (TDE)
ISTDK= I N( TDK)
PI1=P1 1+ZS* (TDK-STDK ) /CST
012 =P12 +ZS*((1.-CTDK)*SDK+(STDK-TDK)*CDK)/CST

100 RF T UJRN
F NO
SLPROU I I NE Z MM2.( X 1 ,Y1 v X 2,Y 2 ,X 3 ,Y3,Z S

COMPLFX HOH1 ,HHOgt-IH1SH0,vSH19,0i1,Q12,Q21,Q22
COMPLEX flHH0,DHH1,Do~fl?-JlfSHoflSH1
COMPLEX S11,llS12,S21,S22,T11,T12,T2li22,Yll9lv12l ,Y22
COMPLEX DT11,0112,0T21,0T22,OY11 ,0Y212,DY2lDY22
COMPLEX ZS)',RKf1I SX1,SX2,CCPFUNCQT

C
COMPLFX CXI,CX2,DS1I ,t.Sl2,DS21,D)S22
COMPLFX OP11,tiPl2,DP21 ,DP22,P1l,P12,P21,P22
C OM MON / CDA / T S KQ2,C DNS T

DATA CCP,PI/( .63662) 3 .14159/
S DK 1 =SI N (DKI1
S f)K 2 =S I N (Dk K2)
CDK 1 =C OS(DK I)
C OK 2 =Cr)S (OK 2 )
C BE T= X X2-X 1) /DK I
S Far-T Y ?-Y 1 /jK I
XB=(X3-Y1)*CB3ET+(Y3-Yl)*SBE7
Yb=-(X3-X1 )*SBFT.(Y3-Yl)*CBFT
C AL (X B-DK 1) /DK 2
S A.L A 5S (Y fi/DK 2)
CALL HANK(DV.?,HHO,HH12)
DHHO=DK 2.*HHO
1) H 1 =IK 2*HH 1
ClS2=C[OKI*SDK2
C IC- ?=C nfe1*C DK 2
IF(CAL.LI.O,)GO TO 20
IF,(SAL.GT..0j4)GO TO 20
CNT=-115**CAL/SDK1/SDK2
CALL HANK(DK1 ,HO9H1 2)
LDHO=DK1 *HO)

D)KS=DK1 +OK2
CALL HANK (DKS, SHOSHL,2)
DSH0=DKS*S'lH0
OSHI=O.S*SH.
O11=C'T * C0)Kl*OSHI-C1 S2*D)HO-C1C2*DH1-DHHJ+CCP*CDK2)
012=CNT*(CDK(?*OHHI-SO)K2*HO-CCP+COK1*DH1+ClS2*OSHO-C 1C2*DSIU1)
O?1=CNT*(SDK2*DHO0-DSH1+CD)K2*D)Hl+CDK1*Df1Hl-CCP*ClC2)
CQ22=CNT*(CIS2*DHHO-ClC2*DHHfICCP*CDK1-DHl-SDK2*DSHO4COK2*OSHI)
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C.1?=Ql1I* (I .+CO)NST)

02].=Q21*'U 1.C.0,ST)
t,12=022*( 1 .+CLINST)
R F7TURN

20 S1=-r)HHl.CCP*CrDK2
S1?=-SflK2*OHHO+COK2*DHHI-CCP
S21 =(DHHI-CCP*CDK2) *CDK 1
S212= t$DK?*DHNiO-CDK2*DHHL4CCP)*CDKI

DSL 1=DHHO+CCP*SDK2
f.Sl2=-CflK2*DHH0-SOK2*DHH1
OS21=C0K1*( -Dli I)
DS?7=C DL1*(12)

C
DKS1=DK 1**2
A L=ATAN2tISALCAL)
P MIN=DK 1
IF(CAL.GE1 .O.)GO TO 30
RMIN=DKI*SAL
DCR=-DKI*CAL
IF(D)K2.LT.DCR)RMIN=SQRT(DKS1+2.*DKI*DK2*CAL+DK2*0K2)

30 FNT14.1(4*JNT)/l10
I NP=FNT*DK2/RMIN
I NP=?*( INP/?)
IFI INP*LT*2) I?'P=2

DT=0K2/ INP
TK= .0

'SX2=( .0,.0)
C

cx1=( .), .0)
CX(2=( .09.0)

DO 90 1=1,IP
D=SGI+3.*
IF(I.EQ.l O0R. 1F.I~l1
TKS=TK*TK
RK=SO RT (tKSI+2.,*DK1*T*K*C-AL.TKS)
CALL HANK(RKHOHl,0)
Sl=S]IN(DK2-TK)
S2=SIN( 1K)
SX1=SXI+S1*HO*D
SX2=SX2+S2*HO*D

C
C1=-CIS (DK?-TK)
C2=COS (1K)
CX1=CX1+C1.*HO*D
C X2=CX2 +C2))tH0*D
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c
G I -SG I

90 T K=TK+rPT

S X1 = S X 2 * DT/ 3

S 21 =S 21-5 X
S 22=52 2-' .X 2
S 12=Sl?+CDKI*SX2l
S l1=Sl1l.+CDKI*5'X 1

CYI=CXI*DT/2.'
CX2=CX2*DT'/3.

DS12=r51S2+CDK 1*CX2
DS2 1TJS2 1-CX1
r)S22=DS22-CX2

TINP= 2* ( I NT/ 2
1 P= INP+ 1
JP=IP
Tll=( .0.0
T12=( .0,.0)

C21P( .0,9 .0)
T22=( .0,r .0)
Y12=( .0,.0)

Y21=(001.0)

Y12=( .0, 0)

P71=(.09.0)

P22=(.01.0)
C

IF(4L*LT..05)GD TO 210
A LT=ALI2.
C ALT1=C. S (ALT)
SALT=S1 N( ALT)
RCP= (DK1+DK2) *CALT
RSP=(K2-Dl) *SALT
PHC=ATAiN2 ( SP ,iCP)
SG;I =-I.
PH=-ALT
rOP1N=AL/ IMAP
DOr 200 110P
D=SGI+3.

S AP=SJ N (ALT+PH)
* AM=SIN(ALT-PH)
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IF(PH.L.E.PHC )RMAX=DKIOSAL/SAM
IF( PH.GT .PHC)t"MAX =DK2iSAL/SAP
nRKPMA X/INP
Q K= *
SGJ=-1.l
DTI 1=( *0.,.O)
DT12=( .0,.O)
DT21=( .O,.0)
r)T22=( .09.0)
17Y1 l= .09 .0)

!)Yl2=( o() .0)

DY??=( .0,.O)
C

0Pl1=( .0f.0)
r)P21=( oO ,.0)
flP22=(,.0,.O)

C
PKH1=CCP
DO 100 J=iIJP
C=SCJ+3.
IF(J.FQel OR~. J.EQ.JP)C=1.
IF(J.FQ.1)G0 TO 94
CALL HANK(PRK*HOH1, 1)
RKHI=RK*Hl

94 ClN T I N LE
SK=RK*SAM/SAL
TK=FRK*SAP/SAL
C 1COS(ASK)
C2 =C riS KLI1- SK)
S 1= S IN (DK2.-TK)
S 2=S N( TK
FUN=C*P HI
1)Y 1. 1=DYI I - F LlN*CI*S1I
D Y1 ?D Y I ?- F *N C I*S 2
D Y2 I=Y 21 + FUNC 2 S 1
D Y 2 ?D Y 2 2 +F U N C22

C
SlP=-CWS(DK<2-TK)
S2P=COS(T*K)
flP11=Dlp] -FUN*SlP*Cl
DP1 2=DP12-FUN*S2P, Cl
002l=DP214F4JN*SJP*C2
DP?2=r0P22+FUN*S2P*C2

C
SGJ=-'CGJ
R K=R K + K
MFRS.LF.0.)GO TO 100

SSl=SIN(ScK)
SS7=SIN(DKI-SK.)
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r)Tl1l=DT I1+FUNJ*S$I41*Sl
O)Tl 2=0)T12+FU.N*SS1*S2
DT21=fr'T21+FUN*SS2*S1
r,)T2 2=r9TZ2+FUN*SS2*S2

100 CONTINUE
B=SAP*lRK*,D
V 11=YI 1 +1*DY1 1
Y12=Y12+B*DY12
Y21=Y21 +F4*DY2 I
Y 22 =Y 2 2+ B ~DY 2 2

C
Pll=Pll+BIDPlI
P 12 =P P12 +B~*U)P P12
P21=P21 +B*DP2 1
P 22=P22+B*DP2 2

P=P H+D PH
SOI =-SG I
*IF( R SLFi.*OJ)GOTO 1 200
TI1=TII+B*DT1 1
T12=-Tl2+BR*!T 12
T21=T21+B*DT21
T'22=T2?+S*DT22

200 CONTINUE
B=D P H/9.
IF( RS.,T .0. )CQT=( .0,1. )*Z S*DPH ( 72.*PI*SDKI*SOK2*SAL)

210 CNT=-15./SDK1/S0K2
011=CN1T*(CAL*(1.+CQNST)*S1I+B*Yll)+CQT*TlI
.012=CNT*(CAL*(1.4CONST)*Sl2+R*Yl2)+CQT*T12
021=CNT*(CAL*(1 .+CQNST)*S21+B*Y21)+COT*T21
Q22=CNT*(CAL*( 1.+CONST)*SZ2+B*Y22)+COT*T22

C
CCr=SIN(TSK*SQRT+(ER2-1.))/SORT(ER2-1.)
Q11=Qll-CNT*CCT*(E-R2-l,)/FR2*(OS11*SAL-B*P11*CAL/SAL)
O1?=l M1-C.NT*CCT*(ER2-1.)/FR2*(DS12*SAL-B*P12*CAL/SAL)
Q21=Q21-CNT,9CCI*(ER2-1.)/FR2*(DS21*SAL-B*P21*CAL/SAL)
Q22=Q22-CNT*CCT*( FR2-1.) /FP2*(DS22*SAL-B*P22*CAL/SAL)

C
RE TURN
E ND
SU; R0UTINF ZMM3(Xl ,YI ,X2,v2,X3,V3,X4,V4,ZS,
?DK1 ,DK2, INI,Pll1,Pl2 ,P21,P22)
COMPLEX HHAHHFZSHZHZ2,CQT,ET1,FT2,HO,Hl
COMPLEX P11,P1.2,P21,P22,Sl1,S-12,S21,S22,T11, U12,T21 T22

C
COMPLEX EO1l,Q11~,t~l2,Q?l,Q??
COMMONICOA/TSK, ER2 ,CONS'T

C
DIMENSION CCl(21) ,SS1(21) ,CC2(21),SSZ(21)
DATA FTAtP11376#727,3.14159/

S 11=(.0, .0)

S21=(.0, .0)
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S22=(.0t.0)
Tll=(.0t.0)

TI=(.09.0)
T21=( .()q .0)

C

Q12=(.09-0)
Q21=(.09,O)
Q22=(.09.0)

C,
CSFT=(X2-Xi)/DKI
SRrT=(Y2-Yl)/DKI,
XA=(X3-Xl)*CFET+(y3-Yl)*cBET
XF=(X4-Xl)*CBET+(Y4-Yl)*SBET
YA=-(X3-Xl)*SbFT+(Y3-Yl)*CBFT
Yb=-(X4-Xi)*SBET+(Y4-Yl)*CBET
CAL= (XB-X A )/DK2
SAL=(YB-YA)/DK?
RMIN=10000,
X=XA
Y=YA
OX=DK2*CAL/4.
DY=DK2*SAL/4.
DO 40 J=1,5

.ys=oo

R=ABS(Y)
IF(R.GT.I.F-lr/-)YS=Y*y
XS=.o
XA9=ABS(X-DKI)
IF(XAB.GT.i.E-15)XS=XAB*XAB
IF(XGLT.O.)R=SQRTo(*X+YS)
IF(X.rT.DKI)R=SQRT(XS+YS)
IF(R.LT.RMIN)RMIN=R
X=X+Dx

40 Y =Y + DY
FNIT=1+(4*INT)/10
ISS=FNT*DKI/RMIN
ISS=2*(ISS/2)
IF(ISS.LT.2)ISS=?
IF(ISS.GT.20).ISS=20
r5s=Iss
IS',)=ISS+l
r)S=DKI/FSS
ITT=FNT*nK2/PMII.4
I TT=2* ( I TT/2)
IF(ITT.LT.2)ITT=
IF(ITT.GT.20)IT'T=20
FTT=ITT.
IT:D=ITT+l
r)T=nK2/FTT
XP=00
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RS=(A8S(ZS)
JUMP:=O
ASAL=ABS ( SAL)
IF(RS.Lt-.O..hN)DoASALoLT.*04)JUMP=I
IF(JUMP.FQ.I)G0 TO 60
DO 50 1--ItISQ
C=SGN+3.
IF(IoEQ*l .0P. I.EQoISQ)C=1.,b
C.1(1)=C*COS(,)Kl-XP)

SS1(1)=C*SIN(DK1-XP)
CC2(1)=C*COS(XP)
SS2(I)=C*clN(XP)
SGN=-SGNj

50 XP=XP+r)S
60 DX=DT*CAL

DY=DT*SAL
X=XA
Y=YA
TK=.C
SGJ=-I.
C f)l( 1 =CO S (DK 1)
00 200 J=IjITQ
D =SGJ+3 #
IF(J*FQ*l OR. J*F-Q#ITQ)D=l.
CTI=D*S]N(DK?-T.K)
CT2=D*SI,(TK)

c
CT'Pl=-D*Cf7)S(DK2-TK)
CTP2=r)*COS(TK)

c
xp=.o
YS=.O
YAI=A"3S(Y)
IF(YAF3.GT.I.E-15)YS--YA !*YAB
f Tl=(.0,.0)
FTZ=(*O,,.O)
-!Zl=(.o'.o)
HZ2=(.0v.0).
RKA=SQRT(X*X+YS)
QKR=SQRT((X-DK1)**2+YS)
SPH=YAR/RKA+YA8/RKB
IF(SPHLT.,04 OR* JUMP.EQ.1.)(-,O TO 110
DO 100 1=111SQ
DFLX=ARS(X-XP)
f)XS=.O
IF(DELX.GTI*F-15)DXS=DELX*nELX
RK=SQRT(DXS+YS)
S, PH= Y/P K
cl=cCl(l)
51=SSI.(I)
C2=CC2(l)
S2=SS2(1,)
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CALL HANK (RK HC,Hls 1)
FTI=ETI.-CI*SPH*H1
PT2= T2+C2*SPH*Hl
XP=XP+DS
IF(RS.LE.0.)GO TO 100
HZI=HZ1+SI*Hl*SPH
HZ?=HZ2+S2*14,1*SPi-j

loo cnNTINUr-

110 'CALL HANK(PKAqHHA9HIq0)
CALL HANK(RKRqH0,Hlj0)

c
F01=ETI*CAL*DS/' -I.-SAL*(Cr.)Kl*HHA-HO)
F,. ?=ET?*CAL*E)S/3.-SAL*(CDKI*HO-HHA)

Q12=Ql2+CT*P2*FQI
021=021+CTPI* 02,
Q22=Q22+CTP2*FQ2

C

FT2=ET2*SAL*DS/3.+CAL*(CDKI*HO-HHA)
Sll=Sll+CT'1*Ell
S12=SI2+CT2*rTl
S21=S21+CTI*ET2
S22=S22+CT2*ET2
SGJ=-SGJ
TK=TK+DT
X=X+DX
Y=Y+DY
IF(RS.LF.0.)G0 TO 2.00
Tll=TII+CTI*HZ1
T12=Tl2+CT2*:HZI
T21=T21+CT'1*HZ2
T22=TZ2+Cl":*HZ2

,200 CPNl T I N U F
SnKl=SlM(r)Kl)
SDK2=STN(tDK2)
C-',T=-ETA*DT/(24.*PI*SDK1*SDK2)

.CQT=(.0.1.)*DS*r)TOZS/(7?.*PI*SDKI*SDK7)
Pll=CST*(I.+CCJNSI)*Sll+CQ7'*Tll
P12=CST*(I.+CC. NST)*Sl2+CCT*Tl2
P21=CST*(I*+CONST)*S21+COT*T*21
P22=Cl T*(I,+C(l IST)*S22+CUT*T22

C
cc

CCT=Sl 4(TSK*SQPT(ER2-1.))/SQRT(ER2-1.)
CCT=CCT*(EO2-1.)/ER2
Pl.l=Pll-CCI*01.1*CST
P12=PI.2-CCT*012*CST
P21=p?I-CCI'*021*CST
P22=P22-CCT*QI2*CST'
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R FTURN
END
;LIBROUTINE HANK(XHtHltlD)
COMPLEX HtHl
DATA TSP/.63661977/
IF(X.GT.3.)GO TO 100
XLN=TSP*ALOG(X/2.)
B=.O

Y=.O
Yl=.O
Xl=X/3.
X2=)(l*Xl
IF(XI.LT,,l)GO TO 60
X4=X2*X2
X6=,X2*X4
IF(Xl.LT,.3)GO TO 55
XP=X2*X6
XlO=X2*X8
X12=X2*XlO
R=.21E-3*Xl2-.39444F-2*XlO+,44447qE-I*X8
Y=-924846E-3*Xl2+*427916E-2*XIO-*4261214E-I*X8
Bl=*1109E-4*XI2-.31761E-3*XlO+*443319F-2*X8
Yl=.27873E-2*Xl2-i4OO976F-I*XlO+*3123951*XB

55 Bzg-.3163866*X6+1*2656208*X4
Y=Y+.25300117*X6-.74350384*X4
81=81-.3954289E-I*X6+*21093573*X4
Yl=YI-1.3164827*X6+2*1682709*X4I

60 B=9-2.2499997*X2+1.
Y=Y+.605r)9366*X2+.36746691+XLN*B

Bl=X*(Bl-.56249985*X2+,,5)
Yl=(Yl+,,2212091*X2-*6366198)/X+XLN*81
GO TO 2Q0

100 St4=SQRT(X)
Xl=30/X
X2=XI*Xl
X3=Xl*X2
X4=Xl*X7
X5=Xl*X4
X6=XI*X5
F=.797BR456-,77E-6*Xl-055274E-2*X2-.9512E-4*X3+.137237E-Z*X4
2-.72805F-3*X5+.l4476F-3*X6
T=Y-.78539816-.4166397E-1*Xl-.3954E-4*X2+*262573E-2*X3

2-,54125E-'*X4-.,29' 33E-3*X5+,1355BE-3*X6
B=F*COS(T)/SW
Y=F*SlN(T)/SW
F=.79788456+.1.56F-5*Xl+.16596(,7F--l*X2+.17105E--3*X3-*249511E-2*X4
2+.113653E-2*X5-.20033F-3*X6
T'=X-2#3561945+#12499612*Xl+,565E-4*X2-.637879E-2*X3+*7434EE-3*X4
2+.79824F-3*X5-,29166E-3*X6
BI=F*COS(T)/SW
YI=F*SIN(T)/Sw
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2 00 'A=C MP L X (Pk-Y)
H1= C PL X ( hi ,-Y 1)
P [TURN
E ND
$,UBR0UT1Ntc CRtUT(CSvICC,1SYM, IWR,11?vN)
COMPLFX C (ICC, ICC), ( 1)
CPMPLFX FtP*SSvT

2 FORMAT( 1X,115,1FlO,3,1F15.71F10.0)
5 FORMAT11HO)

IF( I12,.NE.l)GI TO1 22

IFU'J.FQ.1)GU0 TO 100
IF(TSYM,%4F.0)CO TO P3
DO 6 1=1,,N
DO) 6 J1,IN

6 C(J,I)=C(1,J)
8 F=C(l,1)

DO 10 L=2,,
10 C(lL)=C.g1L)/F

iDC) 20O L=2,N9'
LLL=L-1
DO- 20 1=LN
$FC( I,L)
DO 11 K=I,LLL

11 F=F-C( I K)*(KL)
C(I ,L).=F
JFLeEQ.I)G0 TO 20
P=C (L ,L)
IF(ISYMFQ.O)GO TO 15

DO) 12 K=1,LLL
12 ~=-C (L 9K*C K, I)

C IL, I)=F/P
GM) TO 20

15 F=C(I,L)
C (L, I)=F/P

20 CO-NTIN4UE
2? DC) 30 L=1,N

P=C (LgL)
T=S( L)
IF(L.FQ,1)Go To 30
LLL=L-1
D"1 25 K=1,LLL

25 T=T-C(L,K)*S(K)
30 S(L)=TfP

DO 38 L=2,N
I=N-L+l

DO 35 K=IIN
35 T=T-CUI,K)*4SIK)
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38 S(1)=T
IF(IWR.LE.0) GO TO 100
CNOR=.O
DO 40 I=1,N
SA=CABS(S(I))

40 IF(SA.GT.CNOR)CNOR=SA
IF(CNOR.LE.0.)CNOR=1.
00 44 I=1IN
SS=S(I)
SA=CABS(SS)
SNOR=SA/CNOR
PH=.0
IF(SA.GTO..)PH=5729578*ATAN2(AIMAG(SS) ,REAL(SS))

44 WRITE(6,2)I,SNORSAPH
WRITE(6,5)

100 RETURN
END
SUBROUTINE VNAS(IDM,IGN,ISYM,IWRI12,NCCJYll
COMPLEX CI DM, IDM),CJ) I Y11
DO 20 I=1,N

20 CJ(I)=(.O0,O)
CJ(IGN)=(1.,0.)
CALL CROUT(CCJt IDMISYM, WRIl2,N)
112=2
YII=CJ(IGN)
RETURN
END
SUBROUTINE VWAS(IAtIB,IDM,ISYMtIWRtII 2,13,I12,JSA,JS8,MDt,NC
2,NMrCCJDVJYl1)
COMPLEX C(IDMIDM),CJ(1),VJ(1),Y11
DIMENSION IA(1)1B(l) II.(1) 12(1) 13(1),MD(IDM,4),ND( 1),D( 1)
AK=.0
00 20 K=JSAJSB

20 AK=AK+D(K)
DO 30 I=1,N

30 VJ( 1)=(.0,.0)
IF(JSB.GT.JSA)GO TO 200
K=JSA
DK=D K )
V=( 1.-COS(DK))/(AK*SIN(DK )
KA=IA(K)
KB=IB(K)
NDK=ND(K)
DO 140 II=1NDK
I=MD(K, II)
FI=1.
IF(KB.EQ.12())GO TO 136
IF(KB.EQ.lI1(I))FI=-1.
GO TO 140

136 IF(KA.FO.I3( I))FI=-l.
140 VJ(I)=VJ().+FI*V
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GO TO 280
200 KA=IA(J'- A)

K f=IF J JSA)
LA 1 A (J A+l)
LB=IBEJJA+1)
I NO[=(LA -YB )*( LlB-M! )
IF(INnFPO)Go TO 210
K A= I R~ (J ISA)
KP=IA (J',A)

210 DO 2%, K=JSAJSB
DK=D(K)
V=(1,-CLOS(OK))/(AK*SIN(DK))
N OK=ND ( K
00 240 1i=1,NDK

I F(K ~F 0. 12 1)GO TO 2,36

GOl TO 240
236 1 F (K A.F-13 ( I) IF*=-I,
240 VJ(I)=vj(I)+F]*V

IF(K.EQ.J8B)GO TO 250
LA=IA(K+1)
LB313(K+l)
KA=K
KFE=LA
IF( LA. EO.KA) K!=LBj

21% CONTINWr
280 DO 300 11f,N
300 CJ(I)=VJ(I)

CALL CRQUT(CCJIDM#ISYM, IWR,112,N)
112=2

00 400 1=10
400 Y11=Y11.Vj(1)*Cj(I)

R ETUR~l
E Non
SU9ROUTINE VMLS( IA,IDMINTISYMIWR9II,29,13,112,M), N,N,NNM,
2C,CJDPS1,VJX,YXS,YSvyl,ZS)
COMPLFX C( 1Pm, 1DM) ,CJ(1) ,VJ( 1) YllPl, P2,01 ,02,ZS
0 IMENS ION1A(1) (1.1(1,1()13)
D IMFNS I ON MD( iOM,4)9Nn( 1),ix( 1,y (l)0( 1)
O)ATA ETA,IP/376.727',6.2831P/
DO 100 11I,N
VJ ( I ) =(.0, .0)

100 CJ(I)=(.o,.0)
DO 240 K='1,NM
KA=IA(K)
KF=1B(K)
CALL CMLS(PSI,X(KAhiY(KA) ,X(KB) ,Y(KB),XSYSD)(K) ,INT,9PlP2s01902

0Q2=ZS*Q2
NDK=Nr(K).
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DO 240 111,tNDK
I =mP (R, 911)
FlI= 1.
I F( KBF.Q. 12( I) GO TO 236

Cj(T)=Cj(l)+Fl*P1
VJ( I)=VJ(1 )+FL*(Pl+01)

TO 1 240
236 IFtKAE0.13(I)) FI=-1.

Cj( 1.)=C J ( I)+FI.*P2
Vj( T)=Vj( i)+F.I*(P2,(2)

240 CUNT INUF
CALL CROUT(CC-JIDM,I'5YM, IWR,Il?7,N)
112=2
VL1=CMPLX(TP/(4.*FTA)t0.)
DO 300 I=1,N

300 Y11=Yl1+CJ( I) *\J( I)
RETUR N
r- N n
St9ROUTINE CMLS(PSIXlV1,X2,Y2,XS,YS,D.K,INT,PlP2,Q1,02)
COMNPLFX C~zTHC,H1,P1,P2,Q1,0.2
DATA !-TA/376.727/
D)KH=1DVK/ 25.,
rD1=S )RT((XS,-X].)**2+(YS-Yl)**2)
02=S,"RT( (XS-Y2)**2+(YS-Y2)**2)
P2=( .0, -C)
P1=CMPLX(@5*PSl/36G.,0.)
01=U.O,.0)
02=(.0, .0)
IF(D1,LT.0KH)GO TO 200
P11=(.0,.0)
P2=CMPLX(.5*PSI/360.90.)
IF(r2.LT*D$<H)GO TO 200
S PK= SINI O)K.)
PI=(.0,.0)
P2=( .0, .0)
CP~cT=(X2-Xl) /0K

XA=( X r-X1)*C6ET+(YS-Y)*SET
Y4=-(XS-Xi)*SPET+(YS-Yl)*CPFT
X=XA
Y=YA
Y!SQ=Y**2

Ir-',X.LT .0. )RMIN=SQRT'(X*X+YSQ)
IF(X.GT.,nl)PMIN=SORT((X-DK)**2+YSQ)
FNT=1+(4*INT)/10
I -SS=FNT*lK/RMirJ
IP( ISS.LT.2)ISS=2
DS=DK/ISS
xp=ns/2.



Do 100 1=1VISS.
D!FLX=X-XP
RK=50RTfDELX**2+YSQ)
S FIH=V/RK
Sl=S IN( CK-XP
S -')=s I N( XP)
CALL HANK (RK.jH0,,Hlq 2
p I= P I,+ S 1*1-11*:SPH
P2=P2+!,2*HI*SPH
01=Q1+sl*"o
(,)2=Q2+52*FO

100 XP=XP+DS
C:ST=(.09I*)*0S/(4**SDK)
PI=CST*Pl
P2=CST*P2
CNT=-DS/(4**ETA*Sr)K)
QI=CNT*01
tO?=CNT*02

200 RFTURN
Nr)

SUBROUTINE VFF(TA91891N(,*IDMiTSYMvlW'k9lltl29l3,1129LOPgMDNNDN!v
2CCJDtF WL*CgCAIN*HJJgHMMHZSHZTPHvrCStVjgXgYtXSVYSZS)
COMPLFX COT9,D,')Tp iJI91IJ29HMIHt42,HZMvHZSHZTVZS
C.DMPLEX CJ(I),H JJ(1),HMM(I)vC(IDMtIDM),VJ(l)
COMPLFX HJIJgHJ2JtHJJFC(40)
DIMENSION IA(l)tlB(1),11(1),12(1)913(1)tMf,)(IDM,4)
DIMENSION ND(I),X(l)qY(l),D(I)
COMPLFX CONPH
CnMMON/COf,;/CCNPH
COMMON/C-OA/TSKER2,CONST
DAT,8 F:TAvTP/376.70- 7,6.4F3l8/
C0T=1.414214*ETA*CMPLX(l.9-1.)
IF(ISYM.,NE.O)P.CT=CC)T*CONJG(Z.S)/ZS
FCS=.O
PHR=.01.'74533*PH
C PH=COS ( PHR )
SPH=sIN(PHR)
Dn 232 I=ltN
HJJEQ( I)=( oO 1, 4,0)

2a2 HMM(I)=(.O,.O)
00 250 K=1,NM
KA=IA(K)
K5=1B00
CALL CFF(X(KA),Y(KA),X(KFi),Y(KP,)iD(K)
ZCPH, PHZS9,IiJlHJ2,HMlvHM2tHJlJHJ2J)

NDK=Nf,)(K)
00 250 11=19NOK
I=MD(K,,Il)
Fl=l.
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IF(KB.EC-I2H))GO TO 236

HJJ(I)=Hjj(l)+F]*HJ1
HMM(I)=HMM(I)+FI*HMI
HJJFC(I)=f4JJFQII)+FI*HJIJ
GO TO 250

3 6 lFfKA.FQ,13fI))Fl=-l.
HJJ(I)=Iijj(l)+FI*HJ2
HMM(I)=HMM(I)+Fl*l4M2
HJJFQ(I)=HJJFCAI)+FI*HJ2J

250 CONTINUE
IF( INr.LE.C))00 TO 270
DO ?60 1=19N
CJ(I)=CQT*HJJ(I)
VJ(I)=CJ(I)

260 IF(ISYM,.NE.O)VJ(I)=VJ(I)-[-)QT*HMM(l)
CALL CPOUT(C-PCJ-plr)-MoTSYM11WRiIl2,N)
112=2
DO 265 I=ItN

265 P-CS=E-CS+PE.AL(VJ(I)*CONJG(CJ(I)))
FCS=FCS/F.TA

270 HZS=(.09.0)
DO 36CJ 1=1,N

360 HZS=HZcl+CJ(I)*(HJJ(I)+HMM(l))+Cjtl)*(CONPH*HJJ(I)+HJJEQ(I))
HAB=CAP-S04ZS)
TF(LOP.FQ.4)FWL=TP*HAB*HAlB
HZT=HZS

TO 400
PSI=XS*CPyi+YS*SPH
HZM=CMPLY,(Cr)S(PSI),SIN(PSI))
HA-'-M=-(l.tl.)*HZM/(2.*I.*414:?14*FTA)
"ZT=HZS+HZM

400 HAB=CAB!;(HZT)
'IF(Lr)P.LT.4)GAI-N=TP*ETA*HAB*HAP/G

RETURN
NO

SURROUTIN-F CFF(XAYAtXBYBDKgCPHgSPHZSIHJIHJ2tHMIgHM2,
2HjljHj2j)

CO-PLFX f-JA,[-'JP,,C"T,-StliJlgHJ2,HM1,HM2
COMPLEX FlF-2,CcTJPHASEFBIFB2,HjlJHJ2J
COMPLFX COUNPH
Cr)MM0.N/CnB/C0NPH
(' Ommflr\l/c9A /TSK., FR2 CONS T
DATA FTAjPI/376.727,3al4lA9/
CA=(XP-XA)/DK
CB=(YB-YA)/DK
G=CA*CPF4+CB*SPH
P=C9*CPH-CA*SPH
GK=P**2
A=XA*r.PH+YA*FPH
B=XB*CP,+YB*SPH
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EJA=CMPLX(COS(A)9S INCA))
FJ3 =CMPLX(C0S (B)v INi .))
Sfl=S IN( OK )
CCK=C0S (DK)
I F ( K.L T'..00 1 )GO 10 2.50
CST=CMPLX El 91.)/It4.*PI *Sr)*1.414214*GK)
HMI±CST*(FJA*CMPLX(COK,G*SDK)-EJB)
VI-12=CST* (5JrB*CMPLX(CDK,-G*SDK ) -FJA)
Gfl TO 300

250 C-cT=CMPLX(-1.. ,1..)/(8.*P1*1.414214*SDK)
IF(C.LT.0.)Gfl TO 280
HMI=CST*CDK*EJB-SDK*EJA)
NM?=CST*J(SDK*EJB-DK*EJA)
GO TO 300

280) HMI=CST*(SDK*E'JA-IK*EJR3)
HM2=CST* (DK*FJA-SD)K*EJRB)

300 HJ1=P*HM1
"J?=P*HM2
HMI=-ZS*HMl/E TA
HM2=-ZS*HM2/F-TA

cc
rD)TFSK/2./PI
EI=CMPLX( ,5*L,.0)
E 2=CMPLY(E-.5*fl,.0)
SP=2.*Pl*(S(O)lPT(F92-1.)+P)
SM=2.*PI*(SQRT*CF02-l.)-P)
SSP=SIN (SZP*D)
C SP=COS ( sP*D )
SSM=SINC SM*p)
CSM=COS( SlM'*D)
IF(SP.CGT.0.001)F2=(.0,-..5)*(CMPLX(CSP,.SSP)-l.)fSP
IPESM.(T.0.0001)Fl=EC,,-.5)*(CMPLX(CSM~s SM)-1.)/SM
PHASf=Fl -2
CONPH( e0lgl.)*(FP21.)/L2*(EI-E2)
IF(rK.GT.C.001)GG 1T0 500
FE31= ,5*([)K*-FJA+SDK*EJB)*PHA$ rE
FB2=.5* (OK*F.Jf+SDK*EJA)*PHASF
Gri TO 400

500 CONTINUE
FPl=PHA SF*(CCMPLX(C.0 ,vG) IFJ&,+CMPLX C SEK ,-C*C OK ),4FJA
FB2= PH A S.E*(CMPLX( .QG)*JtCMPLXSD ,*CDK)*J.)

400 CONI1NUF
C-'TJ=CMPLXE1.,l.)/(4.*PI*SDw*1.414214)
I FE GK.GT, 001 )

?CrTJ=CMPLX( 1 .,1.) /(4.*P I* r[K*1,414214*GK)
Of Cl 1 .
HJlJ=00*CST'J*(ER2-I. )1FP2*G*(-FB1)
HJ2J=nO*CSTJ*CFR2'-l.)/Fp2*G*(-FB2)
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RETURN
F ND
SLJFRLUTINF CSL!RF(CMM, FMCTKZS)
COMPLEX ET&,k,ZS,ETBT
DATA F, FTA0,TPU/P.5, j433 F-12,376.7247,.81,?5F.7

ALPFI=SQRT( TP*F-MC*U*CM M/2 .1*1.E6
SQT=SCRDT(TP*F!VC*Uf/(2.*CMM))
FTft=CMPLX ( SQT, ST)
TAi=2.*TK*SQRT*(CMM/ (?.*E*T'P*FMC))
ZS=PTA
IF(TAT.CT.6r).)Cc0 TO 1001
ETAr=FXF (-TAT)
ET9iT=Crk'PLX(COS(TAT),-SIN(TA I))
R =F TAT*F TPBT-,( I TAO-F TA )/ ( FTAO+F TA)
ZS=ETA*(I.+R)/(1..-R)

100 RETURN
E: ND
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APPENDIX D
COMPUTER PROGRAMS FOR RADIATION AND SCATTERING

FROM PERFECTLY-CONDUCTING PLATES

DIMFNS ION C(31) NN(40),~M(4C)
COMPLFX Z(40,40) ,Z11,Z12 9 zSS 9 ZIJ
COCMPLFX VAVVCVDfVTAVT8,VPAvPBFST
COMPLEX VT(40),VP(40),ET(40) 9EP(40)
I DM=40
P I=3 .14159
TP=2.*PI
PFAD(vQPR)ZKLqTK<NSvNMAXtNW

98 FORMAT(F10.4,31 10)
333 CONTINUF

ZL=ZKL/PI
TK=TK*TP
NZ=NW
CALL SIMWC(NMAXC)
NP=NS-1
NZS=NZ-1
MO F S=NW*NZ S
MODE T=2*MODES
AL=ZL*?*/NZ
HL=AL/NS
DWL=ZL/NZ
DDW=DWL/(NMAX-1)
00 11 K=1,NW
00 11 L=1,NZS
Z12=(C'0,0.0)
NI=K+(L-1)*NW
00 30 11=1,1
Y1=DDW*(II-1)*TP
Y2=Y
Y3=YI
)0 30 JJ=1,NMAX
DT=ATAN2(DWL,1.414) I NMAX-1)
CC=C(JJ)
TH=0T4( JJ-1
DV=1.414*DWL/(NMAX-1)
V=DV*( JJ-1)+(K-2)*0.707*DWL
YA=V*TP*1.414
IF(K.EQ.1.AND.L.LE.3) YA=TAN( TH)*TP*1.414
YB=YA
YC=YA
Z I=(0.0,0.0)
DO 10 I=1,NP
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Z 1=-AL*').5.HL*l

eZ.2:Z 1+HL*TP
Z 3= Z2.HL*TP
Do 10 J=1,NP
ZJ=-AL*lY+H*
FJ=CnS( ZJ*PI /AL)
Z4=(-ZL" '.5+(J-1)*HL)*TP+(L-1)*ZL*TP/NZ
ZL IZ.&+HL*TP
Z(7=Z b+f 4 t*TP
ZSS=ZIJ(TK,TK,TK,Yl,Y2,Y3, Z1Y,Z3.,.,.0,YAVFiYCZAzpzc)

2*FI*FJ
Z1I=Z1 1+7%

10 C 0*4TI %J U
C L=K*rWL1I . 41.4*V
IF(V..LT.(K4 )*0.707*rNL.) CL=1.414*V-(V.2)*l)WL
1F(K.Nt .1) Z12=Z1.2+ZII*CC*DV*CL
TF( K.EQ. .lNr).GT.3) Z12=Zl2.Zll*CC*rOV*CL
IFP(KF0t,.iANP,,LF.3) Z12=Z12+-Zl1*CC*DT*(DWL-1.414*TAN( TH) 1/

2(C0S(TH)*C0S(TH)
30 C rlN I NU F

CK=2.
IF(K* EQ.1.A!,nD.L.1E.3) CK=4.
Z(lNl)=Z12*CK*0.707/3,/(WL*WL)

11 CUN T IN U r
pO 40 M=1,NZS
DO 40 '=I.,NW
I =N+ (M-1 ) *NW

NN(. I)=N-1
40 C 0N+T I F

D)U 1 J=1MODFS

N2=IAbS(NN(J)-NNH ))
DO 2 M'=,NZS
DC. 2 N=1,"11

~ CO TO 3
2 CON4TINUE
3 (ONTINUF

1 C ON TI NU E
DO 33. 1=1,MODFS
DIP 33 J1I,MflOr
I= 1I+MDFP

JJ=J+MflDES
33 Z(IL,JJ))=Z(I,J)

C -THIS PART FOP CROSS-COUPING
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N MaiX=3
PflWFIWL/(NMAX-1.)
r4LL rIMWCUNMkX,C)
9f)G 2? K=1,.%4W
DO 22 L1l,NZS

022 M=1,NW
00 2.2 N=lN7S
NJ=M+(.-1 ) *NjW+MODfFS

Z 12- ( I' I '

CI=CTi

X2=TK
X3=TK
V 1=9Ffl* I l-1)*T K-I) #DWL*TP
Y2=Y1
Y3=Y1
00 31 JJ=I,NMAX
CJ= (J.J)

X A=0 .0
X5= 0 .0

ZA=TP* (7L-DDFW*( JJ-1 )-(M-1 )*OJWL)
ZFR=ZA
!C=ZA4

Dc 32 I=1,Np

F i=CrlS( ZI1*PI/AL)

Z.2=7 1+HL*TP

Z 3=Z ?+HL*TP
n0 3.2 J=1 ,NP
7 J=-0. '*AL+HL*J

Yit= (J-I )*HL*TP+..j1 )*TP*ZL/NZ.
YRB=YVA +H L*T P
YC=YB+HL*TP
Z.!=ZIJ(Xl1,X2,X3,yvY2,Y3,ZlZ?,Z3,XAXB,XCYAVB,YC,ZAZZ.C)

2*FI *Fj
z ii=ZsS +'711

3? C ONTINU F
Z ]2=Z12+Zll.*ClI*CJ

31 CON T IN U F

W~ IF(6~99)Nl,,Z(NINJ)
99 F(3RMAT(21102F10.4)

22 C fON TvN uF
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C THIS PART FIND) THE v0!LT.tGE-
%IM A X=1 5
CALL SIMWC(NYAXC)
DDW=r)WL/ (NMAX- I)

THI=90.
PH I=0. 0

100 CONT IN! U
CT II=C0 jS(TH1*P I/ 1FO.)
SIHI=SI1N(THI*P1 /160.)
C P1HIC0S (PHI*P 1ipO.)
'SPHI=SINv(PHI*PI/180.).
On 51 K=l ,NW
Dr Il1 L=1,.NZS
NI=K+(L-1 )*N~w
Nj=Ni+mnrEcs

VA=(0.0,0.0)
VC=( 0.0,0.0)
!)D 52 11=1,NMAX
C I=C (II)
X1=0.
X2=0.
Yl=DDW*(I1-1)*TP+(K-l)*DWL*TP
Y2='fI
ZA=TP*(ZLL-nDW*(11-l)-(L-1)*OWL)
7rS=ZA

V8 (0.0,0.0)
DO 9~31,P

F 1=C0S( Z*PJ fAt.)
Z1=('I-1 )*HL*TP+(L-l )*TP*ZL/NZ
Z2=Zl+HL*TP
V=( I-l)*HL*TP4(K-1U*TP*ZL/NZ

CALL ZFFD(X1,Y1,Z1,X2,Y2,Z2,HL*TPCTHISTHI,CPHI ,SPHI ,VTAVPA)
CALL ZFFD(X1,YA,ZAX2,YES,Zg,HL*TPCTHI,STHI,CPHI,$PHI ,VTP~t,VPR)
V'VRBVTA*F I
Vn0= V 0+VTR5*Pl

53 CONT1NUJF
VC=VC+VO *D0W*C I
V A=VA+VB *DO W*C I

5 2 CONTINUE
F T( N I) =VA / ./,r)WL
F T( NJ) =VC/3 ./DWL
VT(NI)=FT(Nl)/CMPLX(0.0,-60.*Pl)
VTINJ)F=T ( N JC MPLX (0*0, -600*P I)

51 CONT INU F
IF (PHI FQ. 0.0) CALL CROUT(.Z,VTMODFTIDM,0,1,1)
IF (PHI .FQo 45.) CALL CR0UT(Z,VTMODETID)M,0,1,2)

no 123 1=1,MODET
FST=FST+PT( I)*VT( I)
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123 Cfl)N T INM F
FSTA=C A BS( 'I-ST)
ESTP=ATAN2(AIMAG-(FSI),REAL(L ST))*180,/PI
SICG=4.*Pl1rSTA*FSTA

WRITE(6, 124) ZLqSIGESTAqFSTP
124 F0ORMAT( 5X94F10.4)

PHI =PHI~ +45.0
IF (PHI LF. 45.0) GO TO 100
ZKL=ZKL+( 4

COMPLPX FUJNCTION ZMN(DL,HLtSL)
REAL LvLEvLL
F-6. 2R3 1853
0=0 L
L=HL
LF=HL
HC=SL
'QLq=B*LF
H=EBS(HC)-L
LL=LF
HPL=H+LL
HP LHf+ 2.*0*LL
H-P3L=H+3 .0*LL
HML=H-L L
SBL=SIN'( LE)
CBL=CQS (RF~)

CRH=COS ( *H)
S 3HML=SIN(B*HML)
Cr5H ML =CO S ( E'*HML)
SBHPL=S IN(EB*HPL)
C PHPL=C0S (5*HPL I
SRHP2L=SIN(B*HP2L)
CEBHP2L=C0$,( B*HP2L)

C! HP3L=COS( B*fP3.)
TEMP=SQPT (D*Q.H*H)+H

tU]=B*TFMP
TEMP=S')PT (D*D.HML*HML)+tiML

VO=B*TFMP'EM

T EM P = SQ 0 T (rfl* +H HP L * HP L ) + H P L
V 3=B* TPM P
V3=FA*D*D/TFMP
TFMP=SQ9T (D*D+HP2L*HP2L )+HP2L
U2=B*D*D/TFMP
V 2 =R'TEMP
T EMP = S Q P T (n*+H P 3L*H P 3L + H P 3L
I 4= *D 0* D/Tr-M P
\4=8*TFMP
CALL SICI (SIU0,CIU09U0)
CALL SICI (S.Iu19CIU1,U1)
CALL SICI (SIV2,CJV,2vV2)
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LZ L

A* -396"7 SD1+,k*OI-3 5698C " ) )*Z-Z/( Z) 901V+ T-394;I ZLLIV I I=

(Z+O')* Z-047 )=A
I7 I U Z 1

6 il IiJ b

+ (IfI-£l iSHOL!+Z)-47S*1*?(dH/ H)9OAIS-ZAEflIEfl1D)*H/dH*:+( t,

A + ( nisEni +(£-is~fl1S-EAIS-ISdH)/J* ?e'I+~[-AI-

'e+(IA[9 *d-)iH3+(nDZI)ii)o)*dq+ii-A zns*Z

*Id9 + I.1S-0n S) *WHUS IH/H) o +iA'iAoi 'IA.IS) IJI oi,
O~ tJ. 09(0C)~g)
£o'cr~J'£.I6 UI -Llvj!

Z 1 1D) Ed S (7AI S- 7 f IS Z iszns)*sdD(PATAIJfl')-AI )15 iv',)j



4 S1= S IN(Z
Y =CO0S (Z

1)=( ((((C ( 4 F?)Z551))7 F 2*Z7 ")14,>-7
2*Z.4.9F87716F--2 )*Z-3.3325,19E-3 )*Z-2. 314617F-2 )*Z-1 ,13405PF-5) *Z
2+6*25001IIE-2) *Z+2.5!l3989L-10

3-3.764000E-4) *Z-30 l224l8F-2) *Z,-b,646441E.=7)*Z+2? 0 0oOop1
C I=Z*CS I*V-Y*U)

JF( XV6,6
5 S1=-3.141593F0-Si
6 RFTURN

E ND
SURPRPOTINE CPVI)UT(Cl,,N, 1DM1SYM,]WR, 12)
COMPLFX C(IDMvIDMbqS(I)M)
CFJMPLFX F,PgSS,T

2 FORMAT( .X115,IF1O.3,1F15,7,lFlo.O)
5 FDRMAT( 1HO)

IF(112.*NF.1)G0 TO 22
I F(CN.*F ,* ).I 1 ) S ( 1)/C (1 , )
IF(NoFQ,1)GDJ TO 100
IF(ISYMNE.0)C-O TO 8
DO 6 1=19%
D 1. 6 J =I,01
C(Jg1)=( IIJ)

6 CONTINUF
8 CO(N T INUEF

DO 10 L=2,N
10 C (lvL)=C( 1,1.)/F

DO 20 L=2,N
LLL=L-1
DO 20 1=L,N
F ZC CI L)
DO 11 K=1,LLL

CCI ,L)=F
IF(L.FQ.l)GO .T 20
P =C(L , 1)
IF(ISYM.EQ.0O)GO TO 15
F=CCLI)
Dn 12 K=1,LLL

12 F=F-C(L.,K)'*C (K, 1)
C (L, I)=F/P
GO TO 20

15 F=C(1,L)
CCL, I)=F/P

20 CONTINUE
22 CONTINUF
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00 30 L1I,N
P=C (L, L)
T=S (UL
I F( Lj.1)GO T0 30
L LL=L-1
D0 25 K=1,LLL

25 T=-C((L ,K)*SU(K
30 S(L)=T/P

DO 38 L=2,N

T1S-L+

DO 35 K(=11,N

3F S(1)=T
I F( I WRLE .0) Gn TO 100
C NO Q =.0
D0 40 1=1,N
SA=CABS( S( ))
IF(SA.G'T.CNOR )CNC~k=SA

40 CONTINUF
I F(CNO-R.LE.O. )CNDR=l.
DO 44 I=1,vN

SA=CAR-S(SS)

PH=.0
IF(SA.T.O.)PH=57.29578*ATA.N2(AIMAG(SS),,EAL(SS))-
WPI F (6,2)1, SNOR ,SA ,PH

44 CONTINUE
WRI TE(6 ,5)

100 CONTINUT
R FTURNJ
F NO)
COMPLFX FUNCTION ZIJ( Xl,X2,X3,Y1 ,Y2,Y3,Z1,Z2,Z3,X-AX8,XCYA,YB,YC',

COMPLEX P11,Pl2,P21,P22
COMPLCX Q11,012,Q21,Q22
COMPLEX S11,S129S2l,522
COMPLEX P11, Pl2,R2lR22
AK=0.O05*2oQ*3.ol4I592
I NT=O

D23=SQRT((X2.X3)*(X2X)+(Y2Y3)*(2Y3)+(Z2-Z3)*(7'ZZ3))
PA =Q T (A X ) (A X ) (A Y ) (AY ) (A Z ) (A Z )

DCI3SRT((XC-X)*(XCX)+(YCY)*(CYP)+(ZC-ZB)*(ZC-ZB))
CDI?=COS(D1?).
S012 =S IN( 012)
Cr? 3=C0S(D23)
S023=5 IN ( 23)
CDAi=Cns( DAR)
.S0AB=SIN(DAb)

123



C:DC f_=Cr ( ,UCq)
SDCB=S IN( DCP)
CALL Z "(X1,y1,Z19X2,v2 9 Z2,XA,YAgZ.A, X9VE~ 9 ZAK,1f2 9 CD12,CFr)129

CALL ZGS(XI ,Yl,Zl,X2,Y2,Z2,XB,,YBvzBgXCgyCgzc9 AKgfn129 Cn)129 SD.12 9

CALL Z(;S(X2,Y29z29X39y3,Z3,xAtYA#z.AgX gY8ZPAK2,)3,C,?39 SO?3,
DA SDA ARv "'IT,?11 ,Rl2tR21 9P22)

CALL ZG$ ( X2,Y29 Z2vX3,V3,Z3vXF39 Y~fvZP XCgyCgZC9 AK,D)23,Cr)23,9 $9239,
2DC% sSDCP sINT 9 Sib Sl2, S, $,2)
Z IJ=:P22+fQ21.+P 12+511

SUqO0tJTINR SJMWC(,NMAX,C)
DIMENSION C(31)
DO I N=bNMAX
XNN=FLfIAT (N)
NN=N/2
TT=XNN/2.
DW=-TT-FL'AT'(NN)
N. C= 2
I F( D IF .Fe.0.NC= 4
I.F(N.l*FQ~.OR .NaEQ~rNMAX) NC=1
C (N)=NC

1 CONTINJF
Q FTIJPN
E ND
SU3ROUT INE ZFFD(XA9YA,ZAYXB,Y5,ZB,DCTHSTHCPH 9 SPH 9 ETgEP)
COMPLEX ETvFP ,,vEJA*FJR
X AR=XB-YA
Y A3=Yt-YA
Z A9=ZB,-Zb

C ( = Z A B / I-

G=( CA*CPH.CF*SPH)*STH+CG*CTH
G K= I -G* G
FT=(0.O,O.0)
F P= (o0. 0 1). 0)
I F(G K .L T ,0.0 01 ) GO TO 200
93=Xq*STH*CPH4+YPk*STH*SPH+ZB*CTN
EJ9=CMPLX(C0SVB),SIN(B))
SKD=SlN (D)
CKD=CDS (D)
CGD=CDS (C*D)
ES=(C.0O*(.,,1*EJ*(CK-C(0)/SKD/CK
T=( CA*CPN.CP*SPH) *CTH-CCG*SI'H
P=-CA*SPH+CBl.*CPH

T=!-S *T
FP=FS*P

200 CONTINU!
R ETURN
F ND
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SIU ROUT INF ZGS Ma tY~a AqXR IYEAZRX1,vy vZ1 X29Y2, Z2tAK,9
2DS,CDSDS.O T,SPT, INTPlItl P2,P2lP22)
COMPLt-X Ce1T,Fj1,EJ2,F'JA,FJP,FRl,ER2,ET1,ET2,P11,Pl2,P2l ,P22,GA4M
CCIMPLEX SCr's#5Goo
O)ATA F-TAGAM,P1/376.727,( .0,1.) ,3.141r,9f
CA= (X2-XLI ) /DT

Ct';= f Z2-71 ) /DT
C AS = (XP-XA) D
CBS=(YFB-yA)/DS
CGS=(ZB-ZA) /DS
CC=CA*CAS+C3*C BS.CG*CGS
I;( ARS (Cr ) rT .0 cl(7)G3 TO 200
SZ= ( XI-XA ).*CAS+ (Y I-YA )*CBS+( Z1-ZA) *CGS
1.F( INT.FQ.C)(,,l TO 300
CGD S =CD S,
S! DS=CMPLX( .0,SDS).
SG;DT=CMPLX (.0, SDT)
INS-2*( INJT/2)
IFf INS.LT.2)INS=2
I P= IINS+ I

T=.0
DS Z = CC *DELI

P12=1 .0,9.0)
P21=1 .01.0)
P2?=(*.0,.0)
A KS=AK* AK
Sc,% =-I.
DO 100 1I4=191P
zz1=Sz
zz2=Sz-D ,
XXZ =Xl+T*CA-XA-SZ*CAS
YYVZY1.1*CB-YA-SZ*CBS
7 ZZ=Zl+T*CG-Z A-SZ*CGS
PS= XWZ**2.YYZ**2+ZZZ**2
R 1=SQRT (RS+ZZ 1**2)
EJ&=CMPLX(CS(Rl-SIN(R 1)
FJI=FJA/P 1
R2=SQ.RfRS.ZZ2**2)
FJlr=CMPLX(C0S(R2),-SIN(R2))
EJ2=EJ9/'-2
Rl= iJA*SGDFS+ZZ 1*FJI*CGDS-Z72*FJ?

FgZ2=-FJn,*eGD.Z72*EJ2*CGpS-ZZ 1*FJ1
FAG =.0
1Ff RS.GT.AKS )FAC=(CA*XXZ+Cf3*YYZ.CG,*ZZZ)/RS
ET1=CC*( FJ?- J1*CGO S) +FAC*FRI
ET2=CC*(EJl-EJ2*CGDS ).FAC*ER2
C =3 . +S GN
JF(IN.EQ.1 SOP. ,N.EQ.IPIC=1.
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C I= C*SIN' ( --
C?=C*'SI N( T)

PI17=PlI +fTI*(J

P21 =P2I+ FT2*C -1
P 22=P22 F 12 *:£2
T=T.DELT

100 S GN=S;
C ST=-( -09 1 iE IA*D,E LT/( 12 *1 *SGDS*SGD T

P 12=CST' PI2

P 22 =C S1* P,)2
P F TURN

200 SZ =( XI-XA) *CAS+( Y1-YA) *CB~S+ ( Z 1-ZA )*CG-fS
RPl=SORT( (XI-XAS1*CAS)**2+(YI-YA...SZ1*CPS)**24171.ZA..vZ *CGS)** 2 )

RH2=S0RT((X2-XAS2*CAS)**2+(Y2-YA-Z2*C)**c2..Z-AS. 2*CfIF,**2)

I F( DDK .LT.AK) DDK=AK
CALL Z(Gmm( ,0,DSSZ1,SZ?,DDK,Cf9s,srD)s,sri,, .,Pl1 9PI,?,P21 9 P?2)
PFT URN

300 SS0fI.-CC*CC)
C A!= (C(Y'*CP-US*CG) /SS
CPF)=C4S*CG-~CC-.S*CA) /ss
CGD= (CFS*CA-C4S C6/SS
DK=fXl-XA)*CAI)e(Y1-YA)*CBfl,(Z1-ZA)*CGD
DK=A6S( DK)
1 F(flK.LT.A4 )1DK=AK

)(Z=ZA.+SZ*CGAS

XP1 X1-DK*C Ar
YP1=Y1-lK*CrBD
Z Pl=zil-DK*CG[D
CAP=CFS*CCD-CGS*CBD
CFP = C GS *CAD -C AS *C D
CGP=CASV CFD-CEBS*CAD
Pl=CAP*(XPI-XZ)+CBP*(Ypl-yZ)+CGp*(Zpl-ZZ)
Tl=Pl/SS
S1=Tl*CC-SZ.
CALL ZGMM(SlSL+rDSTlTl+p1,DKtCpSgsDSvsoTgCC

9Pll9PI? 9P21,PP22)
R FI TU R
F Nn
SUBPOUTINE FXPJ(V1.,V2,W12)
COMPLFX FCvF15, SvTvUCqVC*VliV?,W12qZ

DATA V/ Oo,22284667F 00i
?0.118FR9-32F 0190.29927363E 0190.577514- 6E C1,O.PU3374674E c;1 9
1-0.159B874F 02tO.93307812F-01.,0.49769174p 00,).1?155954E (11,
20.226P94-95F ('190.36676,227E 01,0.5425 3?66E 0110.7-)659162E (ls,2 0 .101.?O22PE 070.,13130262F 02,0.16654408F- 0,2,0.20776479rF 029
20 .25623P94E 020.,31407519E 020.,38530683E 02,0 0 4R026(0P6E 02/
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r)ATA W/ 0.45896460E- 00,
20 .4l700OP3r 00,0. 11337338F 00,0.10399197E-01,O.?l61017?O0--03,
20.P9P 5 4791E-06,0*218234P7E 00.,.34221017E 00,0.263027r5F M.,
Z0.12642582F GO,0.4O20O6e65F-01 ,0.85b3F9778E-02 ,0.1?12 43f'1F-02,
201.1l7i40F-03 1,O645'92(,7E-O5,0.22263169E-60.4274304F-Oi,
20.'391' E,7F-1001456' 1'52-1,0183027OF-15,O~l&OO594QF-IQ/
DAT A U / 0.24495 842 F 02, * 1 5 7 4 .0 ,20,7441156SE 02,-0.41431576E 039-0.78794339F 0?, .v574 ?
20,1602176-1P 03,-0.23R62195F 03,-Q.500946F7E 03, -0.6 648 7854E (,

2 0.12254778P 02,-(0.10161976F 02,-O.47219591F 01, 0.7.972Q)6F-1F 01,
2-0,2106C)574E ('2, 0.22046490E 01, O.8972P244E 01/
DATA E/ Oe211073107E 02,

?-0.379597ti7F 03,-0.97489220 02, 0.1290067?F 0-1, C.17949226E- 02,
2-0*12910931E 03,-0.55705574F 03, 0,13524801F 02, 0.146q67?lE 03,
20.1794952PI= 02,-O.32981014FE 00t 0.31028836F 02, 0*81657657E 01,

2 0.22236961E 02v 0*39124892F 04", 0.81636749F 01/
Z=Vl
DO 100 JIM1,t2
X E AL (Z)
Y=A IMAG (Z)
F 15=( .0 1.0)
AB=CAE4S(Z.)
1Ff AR.E'Q*0. )G0 TO qO
IF(X.GF.0o .AND. AB.GT*IO.)CO0TO 80
YA=ABS fY)
IF(XoLE.0. .ANO. YA.GT.10.)CO TO080
I F( VA-X.GF.17.'5.OR.VA.GE.6.5.OR.X+YA.GF,5.5.OR.X.GF.3.)GO Tn 2o
IF(X*LFe-9).)C-oC TO 40
IF(YA-X.GF.2.5)C7O TO 50
.H(X+YA.GF.1,5)GO TO 30

10 Nh=6.+3.*A5,

15 N=N-1
E15=1./(N-1 *)-Z*Fl'i/N

IFI(N*GE.3)GO TO 15
El1)=Z*E15-CMPLX(.577216+ALOG(AB),ATAN2(Y,Xfl
Go to g0

20 11=1
12=6
GO TO 31

30 J1=7
J2=21

31 S=(-0900)
Ys=Y*Y
DO 32 1=11,912
XJ=Vt I)+X
CF=W(1) /(XI*XI+YS)

32 S=S.CMPLXfX2*CF,-YA*CF)
rSO TO 54

40 T3>X*X-V*Y
T14=2 e*X*YA
T5=,X*2T3-YA*T4
T6=X*T4+YA*T3
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UC=CMPLXtr)(,Ll)+Dtl2)*X+D(15)*T3+T5-E(12)*YA-F(13)*T49
F(II.)+F(12)*X-OF(13)*T34T6+0(1.2)*YA-00(13)*T4)

VC=CMPLX(D(14)+[,')(15)*)(+D(16)*T3+T5-E(15)*YA-F(l.6)*T4,?
2 F(14)+F(15)*X+F(16)*T3+T6+D(15)*YAo.D(16)*T4)
GO TO 52

50 T3=X*X-Y*v
T4=2.*X*YA
T 5=X *T 11-Y A* T4
T6=X*74+YA*T3

T7=X*T5-YA*T ,
T8=X*T6+YA*T5
Tc)=Y*T7-Yk,*T8
TIO=X*T8+YA*T7
UC=CMPLXfD(1)+[)(2)*X+fjf3) *T3+[)(4)*T5+r.)(5)*T7+79-( F(2 )*Yh- -F(3 )*T,4,7+r-(4)*T(-,+r-(5)*18)tE(1)+f'-(2)-*X+E(?)*T3+E(4)*T5+E(5)*T7+710+
3(D(2)*YA+D(';)*T4+D(4)*T6+t)(5)*T6))
VC=CMPLX(0(6)+D(7)*X+D(B)*T3+D(9)*T5+r-)(10)*77+T9-(F(7)*YA+F,(P)*T4

?+F(9)*76+t-(10)*T8)'F(6)+E(7)*X+F,(S)*T-'2,+r-t9)*T5+F(10)*T7+TlC. 
+(D(7)*YA+D(P,)*T4+n(9)*T6+D(I( )*Te))

52 FC=UC/VC
S=EC/CMPLX(X7YA)

.54 r.X=cXP(-X)
T=:F-X*CMPLX(C Of, (YA) v-S I ,(YA)
F 1+5 = S* T,

50 IF(Y.LT.0.)El5=C0NlJG(Elc)
Gn TO 00

80 E15=.40031q/(Z+,193044)+.421831/(Z-o-1,0266(-)+.147126/(Z+2.56788)+
2*206335E-l/(Z+4o9CO35)+.10740IF-2/(Z+8.18215)+*15P654F-4/(Z4
-'12.734?)+.31703IF-7/(Z+l9.3957)

E 15=E15*CEXP I -Z )
90 IF(JIM.FQ.I)Wlz=FI5
100 7=V2,

Z=-V2/Vl
TH=ATA%2(AIMAG(ZlvRFAL(Z))-AT.AN2(AIMAG(V?)tRFAL(V2))

2+ATAN2(AIMAC(Vj)vRFALfVl))
A6=ASS(TH)
IF( AF(.oLT*o I.) TH=.0
lF(TH.GT.l.)TH=6.2831853

W12=Wl2-El5+CMPLX(.OTH)
R -TLJPN

SLJBQ OU T INF, ZGMM I S I i S2 v T I t 12 9 D 9 CGDS 9 SG01 v SGD2 9,CPS 1 9 P 11. 9p 12 7 P2 19 P2 '11)COMPLFX F(2,4-)vF(-Z-,2)gGAMpPlltPl2vP2ltP22
COMPLEX EBIECiEKgFLtEKLIEGZ19ES19ESvFTlvFT'29FXPAgFXPB
C OM PL- X FGZ ( 2 t 2 ) v GM (2 ) t GP (2
COMPLEX EXA(2),FXB(2)
DATA FTAtCAM901/376.727t(.Otlo)v3.14159/
DSQ=D*D
S GD 5 = SG D 1.
lF(S2.LT.Sl)SCr)S=-SGD1
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S G) T =SGD2
IF(T2.LT*TI)SGDT=-SGD2
IF(ABS(CPSj),GT*0.997)GO.TO 110
FS1=CEXP(GAM*Sl)
FS2=CFXP(GAM*S2)
FTl=CEXP(GAM*T I)
FT2=CFXP(GAM*T2)
C=D/SQRT(l.-CPSI*CPSI.)

R=C*CPSI
ER=CEXP(GAM*CMPLX(.OtB))
FC=CFXP(GAM*CMPLX(.09C))
Do 10 K=192
DO 10 L=IP2

10 F(KiL)=(*0q*0)
EK=EB
DO 50 K=192
FK=(-I)**K
F L= F C,
DO 40 L=ltl
FL=(-l)**L
EKL,=EK*EL
XX=FK*B+FL*C
SI=Sl
DO 30 1=192
Rl=SQRT(I)SO+SI*SI+TI*TI-2**SI*TI*CPSI)
R2=SQRT(DSQ+SI*SI+T2*T2-2.*SI*T2*CPSI)
CALL EXPJ(GAM*CMPLX(Rl+FK*SI+FL*Tlp-XX)g

2 GAM*CMPLX(R2+FK*SI+FL*T29-XX)tEXA(l))
CALL EXPJ(GAM*CMPLX(Rl+FK*SI+FL*Tlgxx)9

2 GAM*CMPLX(R2+FK*SI+FL*T2tXX)gFXB(I))
IF(KoEQ*2 OR. L.EQ*2)GO TO 30
ZC=SI*CPSI
.EGZI=CEXP(GAM*ZC)
CALL EXPJ(GAM*(Rl+ZC-Tl)tGAM*(R2+ZC-T2)#FXPB)
CALL EXPJ(GAM*(Rl-ZC+Tl)gGAM*(R2-ZC+T2)gEXPA)
F(Itl)=2.*SGDS*(.Oglo)*FXPA/FGZI
F(lt2)=2**SGDS*(.*09,1.)*EXPB*EGZI

30 SI=S2
E(KvL)=E(KtL)+(EXA(2)-EXA(l))*EKL+(EXB(2)-FXB(1))/FKL

40' EL=1*/EC
50 EK=I*/EB

CST=-FTA/(16.*Pl**SGDS*SGDT)
Pll=CST*(( F(191)+E(2t2i*ES2-E(192)/ES2)*ET2
A +(-F(lt2)-E(2tl)*FS2+E(ltl)/FS2)/FT2)
P12=CS-T*((-F(ll)-E(292)*ES2+E(192)/ES2)*ETI

p +( F(1,2)+E(2tl)*ES2-E(ltl)/FS2)/ETI)
P21=CST*((-F(2,1)-E(2,2)*ESI+F(1,2)/ESI)*ET?

C. +( F(2,2)+E(2,1)*ES1-E(191)/FSI)/ET2)
P22=CST*(( F(291)+E(292)*ESI-E(1,2)/ESI)*ETI

D +(-F(2,2)-Et2tl)*F-SI+E(1,1)/ES1)/ETI)
RETURN
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110 IF(CPSI.LT .0.)CGl TO 120
T F= T l!
I PR=T?
Grt TV 130

120 TA=-l
TB=-2
Sft/T=-SGO)T

130 SI=S1
n0 150 1=1,2
r J= TA
P(, 140 J:1,,2
ZIJ=iJ-SI
R =SQT (DS0+Z I J*Z IJ)

IF(ZIJLT.0 )W=DSQ/(P,-Z]J)
V=R -Z I J
IF(ZIJ.GT.,)V=DSQ/(R+ZIJ)
I F.( 3 0F 0,1.\l] :
I F( JoEQ,1)WI:W

Z ( I,J )=CFXP (G M I J)
140 TJ=TB

CALL FXPJ(GAM*V1,GAM*V, GP(1))
CALL FXPJ(GM*W1,GAM*WGM(I))

150 SI=S2
CST'=FTA/( ,.*P l*S SDS*SGDT)

S11=CST*((2)*FG7GZ( 22)+GP(2) /GZ(2,2)
2-CGfS*( (,M( 1) *EGZ(1,2 )+GP (1)/EGZ(192) ))
P12=CS4*(-GCM(2)*FGZ(2,1)-GP(2)/FGZ(2,1)

2+CGDS*(GM(1)*:EGZ(I, 1+GP(1)/FGZ(I I)))
21=C Tr(GM ( ,(1)EG(Z ( 1 1 2)+GP (1) /FG Z ( 1,2)

2-C S*(GM(2 )*FC4Z(22)+GP(2)/FGZ(2,2) ))

P22=C5T*(-GM( 1)*EGZ 1 1)-GPI)/IEGZ(191)
+ CG S* (GM( )*EGZ( 21 ) +GP (2)/FZ ( 2 , 1)
RETURN4
FNr)
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